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Ante bienniuni fere , curn theoriarn functionum ellip ticaruni ac- 

curatius examinare placuit , incidi in quaestiones quasdam gravis 

simas, quae et theoriae ilü novam faciem creare, et universam 

artem analyticam insigniter promovere videbantur. Quihus ad 

exitum felicem et propter difficultatem rei vix expectaturri per- 
ductis, prima earum momenta breviter et sine demonstratio- 

ne, mox cum vehementius illa desiderari, et invento novo vix 

t'idem tribui videretur , addita demonstratione , cum Geometris 

communicavi. Urgebar simul, ut systemn completum quaestio- 

num a me susceptarum in publicum ederem, Cui desiderio ut ex 

parte saltem satisfacerem , fundamenta, quibus quaestiones meae 

superstructae sunt, in publicum edere constitui. Quae fundamenta 

nova theoriae Iùnctionum ellipticarum iam indulgentiae Geometra- 

rum comrnendamus. 
a * 
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Ut a ttypbgraphorum mendis, quantum fieri potuit, munduç 
evaderet liber, CI. SC H E R K curare voluit ,  CU^ ea de re valde me 

obstricturn esse proMeor. Quae emendanda restant, ad caicem 
adiecta sunt. 

Srxihebani ni. Febr. a. 1829 

atl Univ. Regiom, 
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TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM. 

EXPOSITIO PROBLEDIATIS GENERALIS DE TRANSFORNATIONF. 

Integalia maxinie memoralilia , quae Forniula exhJ,entur tl Q .Lf- 1-k2 si. 0.  ' et quae Funcl 

tionum Ellipticarum, quae dicuntur, primani speciem constituunt, ab Argument0 du- 

plice pendent, et a l  Aniplitucline Q et a Moilulo k. Eiusmodi functionis inter se compa- 

ratis valorilus, quos illa pro diversis Amplitudinibus ohinet, eodem manente Modulo, 

egregia multa detexerant Analystae , quae Additi'onem eorum et blultiplicationem spectant. 

Quam nuper vidimus quaestionem a CI. Ab e 2 iii Commentatione , nostra laude majore, niib 

runi in uiadum pmrectam esse (V. C r e l l e  Journal fur reine und angewandte Matathenia- 

tik V. II.). 

Alia est quaestio nec minoris niomenti - inimo sensu latissirno capta illarn invol- 

vens - de comparatione Functionuiu Ellipticarum pro Moduiis instituenda diversis. 

Quam y uaestionem post praeclara inventa CP L e g s  nd r e -. Theoriae Functionum Ellipti- 

carum Conditoris - ad principia certa nos prinii revocavimus, eiusque solutionem dedi- 

mus generalem (V. Astronomische Nnchrichten A. 1827. No. 123. 127). Hanc nostrani d e  

Transformatione Theoriam et quae alia incle in Analysin Functionum Ellipticarum rediin- 

dant , iam fusius exponemus. 

A 
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Prollema , quoil iiolis proponimus , generale hoc est : 

,, Quneritur Functio rationalis y elenzenti x ejusmodi, ut sit : 

Quod Prollema et Rlul~iplicationeni videmus amplecti et Transformationeni. 

Inuuniera iam diu constaLant excmplû eiusniodi functionum ratioiialium y ,  quae 

problemati proposito satisfaciunt. Primum notuni erat, quicunque dattis sit ilunlerus in- 

teger impar n , eiusmodi functiouem rationaleni y exhiberi posse, ut sit : 

d v n d x 

quod est de Muhiplicatione theorenia. Queni in fiueni adhiheri dehet forma : 

a + a'x + a"x2 + ar"x3 + . . . + a(nn)x nn -- 
Y=b+b'x+b"xl+b'i3+ ... +b(nn)~nn  > 

Coëfficientibus a, a', a", . . . .; I, b', 1", . . . rite deierminatis. Satis diu etiani ex- 

ploratum 

seu hanc 

est, fornlam hanc: 
a + a'x + a's* 

'= b+blr+b"xa 

generaliorem : 

a + a'x + a"x2 + a"'x3 + . . . + a(lrn)r. 
y= 

b+b'~+b"x'+b'~x3+. . . +b(am)xam ' 
quae ex illius subrtitutionis repetitione ortuiu ducit, ita determinari posse, ut solvat pro- 

Ilema. Nuper admodum etiam prohatum est a Clo Legendre, euni i u  finem adhilwri posse 

formam hanc rite determinatam : 

seu rursus , eadeiu substitutione repetita , Iianc generaliorem : 

His inter se iunctis formis patet, problemati satisfieri posse, idonea facta Co6fficientium 

electione, posito : 
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s i q d e m  p sit eumerus forniae 2. sfi (2 m+ 1)'. Iam fequentilm probal~itur , idem ra- 

lem, quicunque a i t  p numerus. 

PRINCIPIA TRANSFORMATIONIS.  

U 
Designentur per U, V functiones rat;ooales integrae dementi x ; sit porro y CF; fit : 

Lrevitatis causa posito: 

Y = A'V*+EW?U+CVlCTo+D'VU?+E'U'- 

V d U - U d V  t Y 

Fractionem in forniam sinipliciorem redigere licet , quoties Y factores duplices 
KY' 

habet ; quin adeo, di praeter quatuor factores lineares inter se diversos e reliquorum nu- 

mero l i n i  inter se aequales existunt, fractio illa sponte in Differentiale Functionis Ellipti- 
d r 

cae redit - , d e s i g n a n t a  functionem elementi x rationaleni. 
~ ~ & ~ A + B x + G * + D x ~  +Exa 

Quem accuratius examinenius casum ac videamus, quot et quales sibi poscat Conditiones. 

Sint functioiies U, V altera altera mti ordinis, ita ut m < - p : erit Y (4 p)" or- 

di&. Iani ut ,  quatuor factorihus liaearibus exceptis , e reliquia functionis Y factorihus, 

quorum est nunierus 4 p - 4 ,  l in i  inter se aequales evadant, (2  p - 2) Conditionibus 

satisfaciendum erit. Quot enim functio proposita duplices habere debet factores lineares, 

tot inter Coëfiicientes eiua intercedere (leLent Aequationes Conditionales. 

At functiooibus Ui V Quantitates Coiistantes Iodeterminatae insunt nl +- p + 2, 

seu potius m+ p + 1 , quipye e quaruni numero unam aliyuam = 1 ponere licet. Qua- 

rum igitur numero vel aequatur numerus Coi&tionnm 2 p  - 2 vel a l  eo superatm, niodo 

supponatur , m esse aiiquem e nunieris p - 3 , p - 2,  p - i , p, quibus cas&us namerus 

Indeterminatarum fit resp. 2 p- 9 , 2 p- I , e p,  2 p+ 1. Duos priores casus reiicien- 

dos esse cum infra denionstrabitur, tuni hunc in niodum patet. Namque iuventis functio- 

n a u s  U, 8,  quae functioni Y formam illahi praescriptam ctmciliant, &i loco x substitui- 

tur cc+Bx, neque ordo mutatur fucctionum U, V, Y,  neyue numerus factorum dupli- 
cium fnnctionis P: pnde in solutionem inventani-statim duas Quantitates Arbitrarias iii- 

A n 
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ferre licet. Itaqde wumerus Jadetermhataruq numerum Conditionum duahus mltem uui- 

tatibus suy erare dehet , unde casus ru = p - 3 ,  ni = p - 2 reiiciendi spnt. Pom videpins, 

loco x posito * tertium casum ad quartum reduci et quartum minime mutari, quo 
l+rx ' 

igitur casu Indeterminatarum tres e t  arbiirariae manent et manere debent. 

Iani igitur evictum est, quantum quidem e iiumero Indeterminataruni et nuiiiero 

Conditionum inter se coniparatis concludere licet , quicunque sit p numerus, forn~am : 

ita determinari posse, ut sit : 

designante dl fumtionern rationalem ipriua r j l imo aozutionsm tres Qqpztitater ArbC 

trnrins involvere posse. 

1 fc 
Ut deterniinetur functio illa RI, sit ? =, (A + Px+ CS*-+ Dx' +Exal T T, de- 

sigiiante T functionem elementi x integram rationalem : erit 

M=wdtrt-. d  V 
v - u .  - 

d x d x  

lpsa T erit ordinis (OP - 2) ti ; hec niaioris esse potest V - U h m  casilms qui- 
d a  ' 
+ 

busdani constat, scilicet ubi nunierus p formam illani haket 2 a s (2 n + 1) ' , M adeo 

fieri Constantem. Idem generaliter probabitur sequentil)us, quicunque sit p numerus. 

Functiones U , V supponere possunius factorem coniniuiiem noil habere ; acliecto 
u enim factore commaoi, fraïtio -v =y .non putatur. Resolvamus expressioiiem 

in  factores lineares, ita nt sit  : 

A'+B'y+Ci~+~'~+E'y*=A'-(l-dy)~(~*P'y)(L-~y)(1-~y), 
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lüni existere uon potest factor, qui yuantitatdm Y - LU, V- BU, V - Y'U, 
V - 6'U vel omui1,us vel inio dualus tantuni ex earuni numero communis sit; idem enim 

et V et U simul nietiretur, quas factorem communeni non habere s u p p o s u ~ s .  ltaque u l ~ i  

factor aliquis linearis functionem Y Lis metitur, idem unarn aliyuam e yuantitatibus Y- a'U, 

V - gU, V - {U, V - B'U et ipsam l is  metiatur necesse est. 

e yuibus sequitur , factorem qui unay  aliqnam e cluantitatibus V L- a'U, V- gU, V-{U, 
T 

V - 6'U bis ideoque etiam eius Jifferentiale metiatur , eundem metiri expressiouem 
dV d u  U- v-- 

d x dx '  
Productum ver0 ex omnibus istis factoribus, ipsam etiam Y l i s  metienti- 

d u  d V  hus, conflatum posuimus =T, unde T ipsam V- - U - nietietur, At T infqioris or- 
d x  d x  

du dV 
dinis non est yuam ipsa Vd; - Ud; , unde viilenius 

abire in Constantem. 

Ceterum adnotemus, uLi functionuni U , V al tera iuferToris ordiuis fuisset y uam 
d u  d V  (p - 1 ) ti , ipsam etiam V - - U - inferioris ordinis fuisse q uani T, quae tanien illani 
d x  àr 

d J  @ 
metiri debet ; quod cum absurdum sit , reiici delelaitt casus m s: p - 2, m = p - g. 

lam igitiu demonstratum yt, formum: 
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quicunque oit  numerus p ,  ita determinari posse, ut procZent : 

d v dx 

Quod e8t PNncipium in Theoria Transformntionum Functionurn Eltipticnrum Fundn7 

mentale. 

P R O P O N I T U R  E X P R E S S 1 0  
d Y - IN FORMAM 

S* (y-po gr-Pl  (y-7) (Y-$) 
d x 

SI31PLICIOREM REDIGENDA --- -. 
M[(I-I)(I -ka XZ) 

Trium Constantium Arbitrariarym ope,. p a s  solutionem Problematis nostri atl- 

niittere vidimus, expressio A + Bx + Cxg + Dx3 + Ex' in simpliciorem redigi potest hanc : 

A (1 - x2) (1 - k2 x2). Ut hoc et reliqua , quae mod'o demotistrata sunt , exemplis etiam 

monstrentar , propositum sit , datapl expressionem,: 
d Y 

JI (y-al ().-Pl ( Y - T ~  

facta substitutione : 

in siniplicioreni transforniare hanc : 

Quaeritur de substitutione adhibenda, de Modulo k et de factore Constaiite M e datis 

quantitatibus a,  B ,  .)I, 6 determinandis. 
' 1  2 - U Pooatur a + a'x -1- a x - U , b + h'x + l"x2 = Y,  y =v : e principiis modo ex- 

positis ficri debet : 

(U-a% (U-PV) (U-TV) (u-&'v)=K(I-1%) (1-klxz) (l+rn~)~(l+nx)'. 

deaigoante 1d Constaotem aliquam arbitrariani. Hinc videmus duos e numero factorum 

U- aV,  U-BV, U-.)IV, U-;SV, qui erunt secnndi ordinis, adeo fieri yuadrata. 

Ponan~us igitur : . 

U-rV=C(l+mx)' 

U-~V=D(~+IIX)~. 
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Iam quod reliquos attinet factores U - a V, U - B V, poui poterit, aut : 

U-orV=i$(l-x*). U-pV=B(l-k'x') ,  aut: 

U - a V = A . ( l - x ) ( l - k x ) ,  U - p V = B ( l + x ) ( l + k x ) ,  

desiguantiLus A ,  B ,  C, D quantitates Constantes. Prius reiicienduni erit. Prodiret enim 
U-KV y-a A 1 - 2  ---- 
U - P V  - y - P  -Bm1_La.?, uude sequeretur, elemento x in - x mutato y immutatum 

niaiiere , quod absurduni esse patet ex aequatioiiibus : 

Poni igitur debet: 

1) U - a V = A ( l - x ) . ( l - k x )  

9) U - P V = B ( l + x ) . ( l + k x )  

5) U-yV=C( i+mx) '  

4) U - ~ V = D ( ~ + ~ X ) ' .  

Adnotare conveuit, e Constanthus A ,  B,  C,  D uuam aliquam ex  arbitrio determinari 

posse. 

1  Videnlus e x  aequatione 1 ), et posito x = i et posito x = - fieri U = a V. Hinc ex 
k  

aequa tione : 

posito x = 1, prodit: 

a-y C (l+m)' -=- a-a B ' ~ ( I + L )  
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Prorsus simili modo invenitur : 

unde m= Jk, a=- r/k. Neque enim aequales ponere licet m et n ; tum eiiini expressio 
u - Y V  Y-Y 
U - B v = T ,  ideoclue ipsa y abiret in Constanteni. 

Iam in aecpajione: 

ponatur prirnum x = + î , quo casu U = crV ; deinde x = - 1 , quo casu W = 8 F : 

prodeunt duae aequationes sequentes : 

Quibus in se ductis aecjuationibus, fit: 

unde poiiere licet : 

nani e quantitatibus A ,  B, C, D una ex arhitrio deterninari poterat. 

Ex iiscleni aeyuationibus, altera per alteram divisa, ol>tiiiemus: 

Adnotetur adhuc formula : 
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Ut Constantes A ,  J3 , definiantur, observo, ex aecjuatioiiih i )  , 2) , s), 
yuo facto U=6V, erui: 

6 - œ  

Eprincipiis generalibns supro o nobis stalditis sequitur, in exernplo nostro expres- 
du d V  sioiiem V-- U d; aequalem fore yroducio (1 + /Lx) (1 - /kx) in quantitatem con- 
dx  

stanteru ducto, cpod ita facto calculo comprobatur. 

Fit, uti evolutione facto constat : 
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His oiiiiiihs rite collectis, o lh iemus  : - 
d y  -4Sk CL)- , dz 

J-(Y-~(Y-P)(Y-v) (Y-$) , f - ~ i l X  ' 

Sit G=rnm,  G ' c n n ,  sir porro: 

erit , posito x =Sin @ : 

-- - -. 
ML(I - (1 - ka x ~ )  J m"m" Cos Q2+ n"n" Sin Q2 

Ceteruru valor ipsius x facillime computatur ope formulae : 
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Quantitates a, B ,  y, 6 in formulis propositis ex arbitrio inter se yerniutare licet. 

Quod in arbitrio nostro positum certum fit ac definitum, simulac conditio addatur, ut, 

siquirlem fieri possit, transformatio per substitutionern realem succedat. Id quod accu- 

ratius examinemus. 

Ponamus , quantitates a, 8 ,  y,  8 reales esse omnes ; sit porro or >13>7>8, ita ut 

or - 6, a - y ,  a - 6 sint quantitates positivae. Iam distinguendum erit pro limitibus , in- 

ter quos valor argunienti y contiiietur: 

1) s e t  r ,  2)  et p. 3) p e t a ,  4) a e t S .  

1 Casu postremo transituni al) a ad 6 per infinituni fieri puta. Expressionem , 
J fy -a ) (y -W -T)(Y-~) 

1 
non nisi casu secundo et quarto, expressioiiem non nisi casu 

J-(Y-~XY-P) (Y-7)(Y-S) 
primo et tertio realem fieri videmus. SubstitutJones reales , quae quatuor illis caribus re- 

spondent , TaLula 1. indicalit. Deiiide Tabula II. forniulas arnplectaniur , q uae expres- 

sioni per sulstitutioneni realem in simplicioreni transforniaiitlrie in- 
~ Y X Y T  

serviunt , pro limitibus , inter quos valor argumeiiti y continetur : 

1) - Ca e t r .  2 ) $ e t @ ,  3) P e t d , u 4 ) a e i +  m. 

Quas forniulas dividendo per 8 ac tum poilendo a=- 60 facile e Tabula 1. derivare licet. 
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T A B U L A  I- 

L-NX 4 '(a-~)(@-$) 1. Limites: a . . + m . . 6 :  - L+N; 'c~ (a-7)$-4 

II. Litnites : y . . . . . B :  

II. Limites : 6 . . . . y : 
L + H r  

IRIS - LILLIAD - Université Lille 1 



T A B U L A  II. 

L-Nx  4 =-Y 
II. Limites y . . . . B :  -=--. 

+((a-~) (or-?) 

L-Nx '$(a-?)(= - 1. Linutes B . .  . . r u :  -- 
L + N x  SFT 

II. Limites - cio . . . y : -- 
L f N x  
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9. 

In f'ormulis hisce pro lirnitilus assignatis simul x a - 1 tiscjue ad + i atque y a h  

altero linlite ad alterum transit. L i m i t i h s  autem , qui forniulis I et II respondent , inter 
L-Na 

se coinmutatis , expressioni - videmus valomm imaginariuni creari forniae + i H , po- 
L + N x  

sito i=: /- 1, ac  designante R quaiititatem aliyuam realem; ipsi x aiiteni conciliari for- 

L e i @  eiq -- - 
L-Nr  1 - e i q  e ' - e '  ---- , uncle -- man1 -- -. (4 

N - fk L + N x A  l+eig  i i Q  2 
, - i tang -. 

-- - 
e  ' + e l  

e i @  d x -- 
Foruiani, ad quam hac occasione clelaii snnius, x= - 

Y-k 
in exyressione ro(L-kla2) 

sul~stituanius. Prodit : 

d  x i e i @ d &  d B  

Quae nobis +dem suhstitutio satis niemorabilis esse videtur. E qua etiani generrilior for- 

mula fluit sequeus, ponendo x = sin $ : 

unde pro liniitilus O et m ol~tinetur,  evanescente parte ilnaginaria: 

k n  sin +ln d +  cos 2 n @ d @  cos n @ d @  

9 O 

$1 - k2 sin q2 , O $ 1 - l k c o s t @ + k k  . $ 1 - 2 k c o s Q + k k  ' 
O 

quae est demoiistratio succincts forrnulae menioralilis a CI. Legendre proditae. E Ta- 
lmlis 1 et II duas alias derirare licet sequentes, cornmutatis liniitibus, inter quos valor 

~ e i Q  
ipsius p coniinetur , ac posito x = -. Pro liniitilws assignatis angulus Q inde a N 

O u.sque ad 7r crescit, dimi y a l  altero limite ad alterum transit. 
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T A B U L A  IV. 

- - 
J .  ~ in i i tes  y . . . 6: tgf=y~3 J- P-Y 

r- 
II. ~ioi i tes  0 . . . a :  tg 2 E Z -  {Y=. 

0 - 7  a - y  
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Fusius hanc quaestioneni trnctavimus , ut atlsit exemplum elaboratum. Restant 

adhuc casiis, quilus cjuantitatum a, 8,  y, 8 vel duae vel quatuor imaginariae sont. Ca- 

sus prior et  ipse solutionem realem admittit, quae tamen specie imaginarii l ahra t .  Ca- 

sus posterior eiusmodi soliitioneni realem omnino non admitiit. Quare nt omnia acl rea- 

lia revoceiitur, novis transformatioiiibus opus erit, uiicle conciiinitas forniularum yerit. 

Cui igitur quaestioni superseclemus. 

Substitutioni propositae alia respondet , eius inversa, formae 

quae et ipsa fornidas elegantissimas suppeditat. Cum ver0 forta5se iam iiiniis &II huic 

quaestioni imniorari videaniur, eius iuvestigationeni ad aliam occasionem relegamus. Re- 

vertiniur ad quaestiones generales. 

D E  T R A N S F O R M A T I O N E  E X P R E S S I O N I S  d~ 
$i=p.Jl- A2 y a  

IN 

dx 
ALIAM E I U S  SIMILEM .- 

i1.1 J I - ~ ~  J I - k ~  ' 

Vidinius, datam expressionem: 

per mbstitutiouem adliilhani huiusniodi : 

quicunyue sit numerus p,  in aliam eius siniilen1 transformari posse: 

Biusmocli sul~stitutio cum a datis CoeBeientiLns A', B', C' , Do, H' penrlet, tuni 

vero maxime a nuniero p ,  quippe qui exponentenl clesigiiat clignitatis sumrnae, yuae in 

functionibus rationalibus U,  V invenitur. Quaniol~rem in  se(juenti1m dicemus, eius- 

c 
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niodi substiiutioiieni S. transfoiniationem pli orrZinis esse S. ad ptum ordinerr~ sive sirnpli- 

cius ad numerum p pertinere. 

lam indolem haruni suhstitutionwi accuratius examiiiaturi, missani facianlus for- 

ac quaeranius de simpliciori hac d Y ad cpani illani revocari pose  et Yi- 
yr-ïqT(- , 

a x dimns et notuni est, iii aliam eius simileni transforn~aiida. 
M $ 1 7  $m 

Qiiaestionis yropositae natura rite perpensa , prohlemati ~atisfieri inveiiitur, siqui- 

deni fuiictionum U , V altera impar , altera par esse statuatur , id quod iarn exenipla in- 

nuunt aL Aiialystis hactenus explorata. Qua in re maxinie distiuguendum erit inter ca- 

suni, quo iniparis îunctionis ordo paris ordine niinor et euni quo niaior est paris ordine ; 

sive inter casum quo trausforrnatio ad nunierum pareni et eum quo ad nunierum im- 

parem pertinet. 

Iarn igitur prirnum proljemus , transformationeni succedere adhihita sul~stitutione 

ordinis paris seu forniae : 

Hic functiones V + U, V - U, V+ AU, V - SU et ipsae eruiit ordinis paris, 

unde ponamus : 

designanthus A ,  B , C , D functioiies eleruenti x rationales integras. Quibus aequationi- 

bus simulac satisfacturn erit , eruetur , uti probavinius : 

Jlutato x in -x cum U in -U abeat , V autem non mutetur , ex aeyuatioiiilus 1) , 3) 

reliquae 2), 4) sponte fluunt. Ut aequationibus i), 3) saiisfiat , V +- X U ni viciI)us, 

IRIS - LILLIAD - Université Lille 1 



V+U (m- 1) v ic ih s  duos inter se aequales haljere c1ebt.t factores lineiires; insuper ipsi 

V+ U etiani factor 1 +x assignari delet. Quae oninia Aey uationes Coiiclitioiiales sihi 

poscunt numero ni + m - i + i = e m ,  qui et ipse est numerus Iiideteriiiinatarum 

a ,  a', . . . a - 1  ; ' 1 ,  . . . b 1 .  Uiide probleula propositum est determinatuni. 

Secundo loco prolemus, succedere ei iarn tra tisf'orniatioiirni , adhil~ita substitu- 

tione huiusniodi : 

quae ad numeruni impareui pertiuet. Hic Y+ U ,  V--  C ,  J'+IU, V L AU et illsae 

sunt imyaris ordinis , unde poilanius : 

Hic quoque soIumniodo aecjuationibus 1) , 3) satisfacienduiii erit , quippe e quibus mu- 

taiido x in -x duae reliquae spoiite manant. Ut illis satisfiat, et V+ U, et V 4 X U  sin- 

gulae ni vicil~us duos inter se aequales Iial~eaiit factores linecires necesse est, quem in finem 

2 ni Aeyuationihs Conditionalibus sa t i s fac idum erit , quil~us una accedit, ut insuper 

V-+-U naiiciscatur (1 +x) factorem. Hinc nutueruni Aeyuationum Conditionalium esse vi- 

demus 2 m+ 1, qui et ipse est numerusIndeterniiiiataruni a, a', a", . . a@) ; l;, l~", . , s l)(m); 
unde et hoc casu deterniinatum est prohlenia. 

Designentur per Ur, V functiones elementi p integrae raliouales eiusmodi, ut 
U' 

posito z =v;, eruatur : 

U' Sit ea, quae ai lmita  est, sulstitutio z z ~ ;  ordinis P'ti ; ac per aliani su~~stitutionem 

C 2 
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u 
y (<lesignaotiltus U , V , ut supra, fuicliones elementi x ratio~iales integras,) quae rit 

ordinis pti , eruatur , ut supra : 

u .  U' u" 
Iam s u l d t u t o  valore y= - iu expressione z = v, nascatur z = 7 : erit uua illa suht i t  u- v 

U" 
tio z = 7 ,  qua adhihita eruitur : 

ordiiiiç @ #. Ita videmus, e plurilms transformationihus , quae resp. ad numeros p , p', 
p", . . . pertinent, successive adhihitis, unarn componi~osse, quae ad nunieruni p pDp" . . . 
pertinet. Nec non vice versâ, quod tainen in praesentiarum non probabinius, transfornia- 

tioneni, quae ad nurnerum aliquem compositum p ~ ' ~ "  . . periinet , semper ex aliis suc- 

cessive adhibitis componere licet, quae resp. ad nunteros p, p', p". . pertinent. Quaniobrerii 

eas tantunimodo investigari oportet transformationes, quae ad numeram pertineant primurn, 

quippe e qu5os  cunctas componere licet reliquas. Iam igitur i n  sequentibus rnissum fa- 

cianius cas- prinlum, qui ordinem transformatkonis parem spectat, q u i p p  queai Sem- 

per comyonere licet e transformatione imparis ordinis et transforniatioue, quae ad uume- 

rum 2 pertinet, identidern, u l i  opus erit, repetita. Casum secundum autem seu transf'or- 

niationes in~paris ordinis iani propius exaniinemus. 

Videmus eo casu functiones, duas, alteram V parem 2 ni" ordinis, alteram U impa- 

rem (2  m+ i)ti ordinis ita deterniinandas esse, ut sit : 

V + U = ( l + x ) A A  

V+AU=(l+kx)CC. 

1 
ï a m  dico, si quidem i ia  functiones U, determinentur , ut loco x posito - nbeat 

k x 
u .  1 v Y=v tn - h y  -AU' - - aequntiones iUas altiram ex nltera sponte sequi. 
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x F (3) 
Pouamus V=J$(X~) U=x F (x2); vidernus exp~ssioiiem y = - loco x 110- cp (13 

1 v -=-= 9 x2 seq uentes oltiliere debent aequationes : 
A y  AU A x F ( x 2 )  ' 

1 
designante p quantitateru Constantem. Uhi in hii aequationibus rursus poninius 

loco x iianciscimur : 

P A Quihus cuni yriorhus comparatis aequatioiiibus, obtiiieniun F = G ?  unde 

Hiuc fit: 

parun1 aeyuatiouuni altera ex altera sequitur. 

Iam quoties expressio : 

(luadratuni est functioiiij elementi x integrae rationalis, idet~i etiani valelit de d i a ,  quae 
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1 
ex  iIIa derivatur pooendo - loco x ac multiplicande pr rPm J~Xni-1 . Q~~ facto k x 

"+U tinemus , siquiden - qundratum sit , functionem : 
l+x 

et ipsam quadratum fore. C). D. E. 

Itaque eo revocatuni est prollema, ut expressio: 

Quadratum reddatur , designante 41 (2) expressionem huiusniodi : 

Fit autem, posito U = x F (xL) = x (a -t- a' x2 -i- a" X* +- . . . + a!m) x2m),  cum sit 

lam ad exempla delal~imur. 
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P R O P O N I T U R  TRANSFORï l IATIO T B ~ T I ~  ORDINIS .  

Sit ni = 1 , qui est casus siniplicissinius , V= i + b'x2, U = x  (a+ a'x2). Posito 

A = (1 -+ a X) , eruimus : 

AA=(1+ax)'=l+2ax+a1xXZ, unde: 

Y + U = ( l + x ;  AA=l+(1+4a)x+œ(8+a)x'+aa'x3.  

Hiiic fit : 

b'=a(z+a), a = 1 + 2 a ,  a'=='. 
1 

Aryuatiooes 5. 12 iu seyuentes &eunt : 

u3 . v+du'  u' (2v+  u3) 
Ponatur )rk=u, ' C = v ,  erit a=- , i + 2 # =  , a ( 2 t a ) -  

v Y= 

aequatio : 
P- 

abit in sequeiiteni: 

sive : 
1) u4-v*+2uv(l-uav=)=O. 

I 

Fit praeterea ; 

a = (1+2a)  = v+2u3 
v 

Hinc 

Hinc obtinemus : 
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(1+4**  
Praeterea ohhiemus, quia 1 -+-pz v . 

1 1 1 l eruimus skpeiitium for- Porro loco x ponendo -=- cuni y abeat iii -= - 
kx u*x ' Ay . \ * y  ' 

niularuni systema : 

Posito V + U =  (1 + x ) A A ,  V + X U = ( i  +&)CC, V ~ U = ( ~ - X ) B B ,  

V - i c U = ( l  - k x ) D D ,  d i n i u s  fieri: 

desigiiante M quantitatem Constantem ; quam e x  unius eiusdem dignitatis CoC;ificieiitis coni- 
du d V  yaratione , in utraqoe expressione A B  CD , , V d; -UT instituta, eruere licet. lani 

yosito V = b + li x2 + etc., U = a x -+- a'x3 + etc., in singulis expr&onibus A, B, C ,  D, 
du d V  

fit Conïtans Jb, onde in producto ex  iis conflat~ b b; id expvwsioae autem Y, - U - 
d x 

Consiantem fieri videnius ab ; unde : 
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v+2u3 
Hinc in exeniplo nostro fit, quig b s 1, a =- = , . u(2v+u3) . 

v+ i 

Moduli k ,  1, quos per aeyuationem p a r t i  gradus a se iiiviceru pendere vidiriius g. 13. i), - 
facile per eandem quantitatem a rationaliter expriniuntur. % formulis enim siipra 

allatis : 

1 
Fit insuper : M = - unde, posito y = sin T', x = sin T , aequatio : 

1+2a ' 

in seq uentcm abit : 

sive in haiic: 

ad quani pervenitur substitutioue facta : - 
Sin 'I' = (1+9a)sinT+aasinT3 

l+œ(2+a)sinTa 
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P R O P  O N I T U R  T R A N S P O R R I A T ~  Q U I N T 1  O R D I N I S .  

Iiini ad exeniplum, quod siniplicitaie proxinium est, transeamus, in quo ni = 2, 

V=1+b'x2+b"x*, U=x(a+a'x2+a"xL), A=I+ar+Px' .  

Aequatiours 5. I 2 fiunt : 

Ex bis sequitur: 

$ive, cum hal~eatur b'= (2 rx +B)+(B+a &), a ' = B ( î  +oo(>-i-(B+~a): 

quod evolutum ac per a divisum abit in :  

OL'=OP(~+K+P).  

Hanc aequetionem his etiam cluobus niodis repraesentare licet : 
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in secpentes dmmt  : 

2av+uS=uv*(1+Oa) 

U ' ( ~ - K ) = V ( V O C - ~ U ~ ) ,  

sive : 

Pacta evolutiouq prodit: 

1) un-v+5u'va(u'-V~+~UU~-U*V')=D. 

Reliqua ita inveiiiuntur. E s  nequationilnx : 

sey uilar : 
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Hiiic iaiidem deducitui* : 

a =  

, a = 

au= 

Iam cuiii sit 1 1-uv3 M = - = Y  - , transforniatio quinti ordiiîis coiitine1)itur theore- ( v-us - 
mate sequente : 

T H E O R E M A .  

Posito : 

fit : 
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QUOMODO T R A N S F O R M A T I O N E  BIS  A D H I B I T A  PERVETU'ITUH 

AD MTnTIPLICATIONEIiI.  

Inspicienteni aequationes inter u et v,  duobas exeniplis propositis inventas : 

7- u#v*+ruv( i -u*~~~=o  

fbgere non potest, immutatas eas manere, ubi v loco u, loco u autetn - v poiiitur. Hiiic 

e theoremate exenlplo primo inveuto , videlicet posito : 

fieri : 

alteruni statim derivatur hoc, posito : 

Iatn ver0 est: 

unde sequitur : 

Ut loco - 3 eruatur + 5 , sive z in - 2 ,  sive x in - x niuiari tleht. 

Simili niodo e theoremate, exeniplo secundo proposito, al~eruni deducitur, vitle- 

licet posito : 
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erui : 

Iam cuin sequatur e x  aeqiiatioae: 

fieri videmus : 

Ita transformatione bis adhibita pervenitur ad MuT~iplicatioiiem. 

Haec duo exemyla, vi  a .  transformationes terkii et q~rinti  ordinis , iam lwius in Iit- 

teris e x h i h i ,  quas dense  Iunio a. 1827 ad CI. Schumacher dedi. V. Nova Astron. 1-1- 

Nec non ibidem methorli, qua eruta sunt, generditatesi prae~licabni, Alteruni bieniiio 

ante iam a Cl. Legendre inventun1 erat. 

Missis factis yuaestionihs algebraicis acciiratius inyuiraniiis i n  mturam analyti- 

Cam functionum nostraruni. Aiitea auteni notationis modum, cuius in sequentibus usus 

erit , indicemus necesse est. 

Posito - - u , anguluni Q nmplitudinen~ functionis u vocare Geome- 
$1 - ~2 sin p2 

O 

trae consueverunt. Hunc igitur angulum .in sequen~ibus tlenotal~imus per: anipl. u seu 

brevius per: 
@=an1 .u. 
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Insuper posito : 

vocal,imus I< - u Complementum functiouis u; Complementi amplitudineni designalimus 

per conm, itd nt sit : 

. am@-u)=coaie .ir 

d.amu 
Bxpressionem JmlG= 

du 
, duce CL Legendre, denotahinius per 

~amu=$l-klsin'arnu . 
Complenientuni, quod vocatur a Cl. Legendre, Moduli k designalo per k', ita ut sit : 

k k + k B k ' = l .  

Porro e notatioiie nostra erit : 

blodulus , qui subititelligi debet , u l i  opus erit , sive uncis inclusus addetur , sive iu uiar- 

gine adiicietur. Modulo non addito, in sequentilus eiiiideni ubiyue Modulum k su b- 

intelligas. 

Ipsas expressiones siu an1 u ,  siu mani  u, cos am . u, cos coam u, A am u, A coarii u, 

cet. ac generaliter functiones trigonornetricae amplitudi&, in  sequeütibus Functionum El- 

Zipticnrun~ nomine insignire convenit ; ita ut ei aomiui aliani quandam triluamus iiotio- 

neni atque hacteiius factuni est al) Analystis. ipsani u dicenius Argumentum Functionis 

EZZipticne, ita ut posito x=sin am u, u=Arg. sin am x. E notatione proposita erit : 

C O I a m I O  
sin -am u = 

A am u 

k' sin am u 
COI coam n = 

A am u 

A coam O = k' 
A am a 

1 
tg coam n = 

t'tg a m u  

cotg wamu = kB 
cotg am u 
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FoRDIULAE I N  A N A L Y S I  FUNCTIONUM E L L J P T I C A R U M  

FUNDAMENTALES.  

Poliamus s m . u = a ,  am.v= b, ani(u+v)=a, ani.(u-v)=8, notae siint 

formulae pro additioiie et sul~tractione Functionuni EUipticarum fundamentales: 

sinacosbAb+sinbcosaAa 
sin u = 

1 - k2 sin aa sin b2 

cosacosb-sinasinbAaAb 
COS. u = 

1 -ka sin a2sin b2 

AaAb-Vsinasinbcosacosb 
Q u =  

1 - k2 sin a2 sin b2 

sinacosh Ah-sinbcosaAa 
sin 3 = 

1 - k2 sin a' sin bz 

cos 4 = cos a cos b+sin asin b Aa Ab 
1- k2sin azsin b2 

AaAb+k2sinasinbcos aeosb 
A 3 =  

1 - k2 sin a2sin b2 

Ut in pronitu sint oninia, quorum in posterum usus erit, adnotemus adhiic formu- 

las sequeiites, quae facile demonstrantur , et quaruni facile augetur numerus : 

P.sinaCosbAb 
1) sin u + sin 3  = 

1 - k2 sin a 5 i n  b2 

4cosa.cosb 
2) cos u + cas 9 = 

1 - ka sin a '& b2 

2 A a . A h  
3) A o + A 3 =  

1 - k2 sin aa sin b2 

2sinb cosaAa 
4) sin r - sin 4 = 

1 -ka sin a2 sin b2 

4sinasinbAaAb 
5)  cos . 4 - cor o  = 

- 1-k2sina2.sinb2 

4k2sina.sinbcosa.cosb 
6)  A 9 - A o =  

1 -ka sin a2 sis b2 

sin a2 -sin bZ 
7) sin u . sin 3  = 

1 - k2sin a2 sin b2 

cos b2 + sin a' A  b2 
9) 1 + sin r . sin 4 = 

1 - k2 sin a2sin ba 
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cos a' + cos b2 
10) l + c o r r . c o s 4  = - 

1 - kz sin a' sin b2 

Aa9+A b2 
11) l + A r . A 4 =  

1 - k2 sin a2 sin b2 

A a' + ka sin b' cos a' 
12) 1 - k' sin a sin 4= 

1 - kz sin aa sin b' 

cos a'+ sin ba A a' 
1%) 1 - siii u rin Z) = 

1 -ka sin aa siu b' 

sin a' A b+ sin bZ A a' 
14) 1 -COS r cos. 4 = ---- 

1 - k2 sin a2 sin b2 

ka(sin a%os b'+ sin b' cos a') 
15) l - a a a s =  -- 

1 - k2 sin a' sin b2 

(cos b f sin a A b)" 
16) (1 1 sin a) (1 f sin 131 = -- 

1-kZsina' sin b' 

(cos a f sin b A a)' 
17) (1 1 sin o) (1 T sin 4) = --- 

1- kzsinaZsinb2 

(Ab  f k sin a cos b)' 
18) (1 f k sin u)(1 f k ria 3j = --- 

1- k2sinazsin b2 

( A a f  k s i n b c o ~ a ) ~  
19) (1 f k sin a)(l r k sin 3) = -- 

1 -k2sina'sin b2 

SO) (1 * CO. r )  (1 * cos 4) = bas a f by 1 - k2 sin a' siii b2 

(sin a A b T sin 1) A a)' 
21) (1 * cos a) (1 =p cos 4) = -- 

1 - ka sin a' sin b2 

(Aa+Ah) '  
2 (1 * A a) (1 * A 9) = 

1 - k2 sin a2 sin b2 

s i n a c o s a A b + s i n b c o s b A a  
24) sin a cos 4 = 

1-k2siua2sinb2 

s inacosaAb-s inbcosbAa  
25) sin 3 cos a = 

1 - k2 sin a' sin ba 

c o s b s i n a A a + c o s a s i n b A b  
26) sin u CI 9 = 

1 - k2 sin a2 sin b2 

cosbsinaAa-cosasin b A b  
27) sin 4 A a = -- 

1-k2sina%inb2 

c o s a c o s b A a A b -  k'k'sinasinb 
25) c o s a A 3 =  

1 - kasin aZ sin b' 

cosacos b A a A b f  k'k'sinasinb 
SI) cos 4 a a = -- 

1 - li2 sin a' sin b2 

E 
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Osina c o s a A b  
30) sip(u+3) = 

1 - k2 sin a' rinbl 

2 s i n b . c o s b A ô  
31) sin(u-3) = 

1 - kz sin a ' s in  h1 

cos aZ -sin a' Ab" 
32) cos (u + 3) = 

1 -ka siu a? sin ba 

cos ba - sin b l A  a' es) (O - 9) = 
1-k2sina2sinbZ ' 

D E  I i l I 4GINARI IS  F U N C T I O N U M  E L L I P T I C A R U M  V A L O R I B U S .  

P R I N C I P I U M  DUPLIGIS PERIODI .  

1 i d +  
usitato, erit cos = sec 4 =- unde dg=- 

cos+ * COS+ . Hinc fit : 

dq - i d +  - i d +  - ~- - -. 
Ji - kz sin (COS +2 + k2 sin @ Ji - k' kf sin QZ 

Quani e iiotatioiie nostra in hanc abire videnius aequationeni: 

1) sin am i u = i tang am (u , k'). 

Hinc sequitur : 

2) COS am (i u ,  k) = sec am (u, k3 

A am (u , k') 
4) A a m ( i  u, k ) c  - - 1 

Cos am (u, k') sin coam (11, k') 

1 
5 )  sin coam ( iu ,  k) = 

4 a m ( u ,  Ir') 

kf 
6 )  cos coam (i u , k) = i - cos coam (u, k') 

k 

- 1 

7) tg  coam (i u, k) = -- 
k'sinam (u, k') 

8) A coam (i u , k) = k* sin coarn (u, k'). 

Aliud, quod hinc fluit, forniularurn systema hoc est: 

9) sin am 4 i K' = O . 

10) sin am i K' = , vel si placet * i W .  
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1 
14) sinam (u + iK') = 

k sin am O 

- i A a m u  - -ikf 
15) cos am (u + i K') = - 

k sin am u k cos coam u 

16) tg am (u + i K') = + i  
A am u 

17) A am (u + i K') = - i cotg am u 

A am u 
18) r io coam (u + i K') = - - 1 

k cos am u k sin coani u 

19) coscoam(u+iK')= 
+k' i  

k cos am 11 

E forniulis praecedentibus, quae et ipsae taniquani fuiidamentales in Analpsi fun- 

ciioiium ellipticariini considerari debent , elucet : 

n. functiones ellipticas argunienti iniaginnrii i v, ' ~ o i l u l i  k transformari pusse - in  alias argunienti fealis v, nfoduli k ' = S l - k k  ; unde generaliter ficiiciio- 

lies ellipticas argunienti iniaginarii u + i v ,  bioduli k,  coniponere lice\ e 

functionibus clliyticis argunienti u, Moduli k e t  aliis argunieiiti Y, ilIo- 

duli li'; 

b. functiones ellipticas duplici gaudere periodo , altera reali , altrra iniagina- 

r ia ,  siyuidem Modulus k est realis. Utraque fit inlaginaria, u l ~ i  Morlulus 

et ipse est imaginarius. Quod Principium Duplicis Periodî uuncupa1)iiiius. 

E quo, cum universani, quae fingi potest, aiiiplectatur Periodicitateni Ana- 

ljticam , elucet , functioiies ellipticas non aliis adiiumerari tlehere tranhcen- 

rleiitilme, qitae q u i l ~ u d a n i  gnuclent eleganliis, fortasse p lu r i lm illns aut nia- 

i o r i l m ,  sed speciem ( uaiidnni iis inesse profecti et a1)soluti. \ -t I .  

IRIS - LILLIAD - Université Lille 1 



T H E O R I A  A N A L Y T I C A  T R 4 N S F O R B l A T I O N I S  PCJNCTIONUM 

ELLIPTICARUDI. 

Vidimus in antecedenthus, quoties fuuctiones elenienti x rationales integras A ,  B, 
I: , D,  U, V ita deiermiiientur , ut sit : 

V + U =  ( l+x)AA 

V - U = ( L - x ) H B  

V + h U = ( l + k x ) C C  

V-AU=(l-kx)DD, 

U! posito y =- fore : v 

clesiguante M quantitatem Constantem. Iam expressiones illaruiii fuiictioiiuiii analyticas 

gencrales proponamus. 

Sit n numerus inqîa~ quilihet, sirit ni, in' numeri integri quilibet positivi seu nè- 

gativi, qui tamen factorem comniunem non Iiabearit, y ui et ipse ilurneruni n niet itur : 

fit: 
x x  ) . . . ( I -  . X X  

M sin1 am 4 w sin' aiil 8 a, &'am 2 (n - 1) w 

x 
B = (1- x 

sin coam 4 u 
) . . a .  (1- 

sin coam 8 w sin coam 2 (n - 1 j a, 
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sincoam4usincoamSu~ .... siucoam2fn-1)m ' 
sin am 4oisin am 8 w .... sin am 2(n-1)ai 

u - 
Ouilius positis , ubi x=sio am u , fit y = Y= sin am (p , 1). 

A n t e p a h  ipsani aggrediamur formularuni denioostratioiietu , earum transformatio- 

neni quandam i~idicahimus. Queni iu finen1 seq uentes adnotanilis formulas, c p e  statini 

e formulis S. 18. decurrunt: 

(1 +sin am (u + a)) (1 +sin am (u- a)) - - 9) - cos2 am a 1 - k' sin2 am u sin2 am a 

sin a m u  ' 
(1-sinam(u+a)) (1-sinam(u-a)) - (l- sin çoam a 3) - 

cos2 am a 
) 

1 - k sin' am u sin2 ania  

(1 + ksin am (u+a)) (l+ k sin am (u- a)) (1 + ksin a m u  sin coam N)' 
4) - - 

A' am a 1 - k2 sin? a m  u sina am a 

(1-ksinarn(u+a)) (1-ksinam(u-a)) (1 -ks ina rnus incoam~)~  
5 )  - - 

A2 am a 1 - k2 sin? am u sin' am a 
' 

E quibus formulis etiani sequitur : . 

cos am (u + a) cos am (u - K) - - sin'coani K 

6)  - 
cos2 am a 1- k2 sin2 am usin2arn a 

Aam(u+a)Aam(u-a)  - 1- k2sin2 am u sin2 coam a 
7) - 

A2 a w  a 1-k2 sin2 arni~sin' an1 a ' 

Posito x = sin am u ,  iianciscimur e formula 1) : 

- 
1-k2sin2amarx sin' am oc 
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(1 f k r  sin coam Ej2 (1 * k sin am (u +œ)) (1 * k sin am (u - cc)) - = -- --. 
1-kzr2sinZamcc AZamœ 

Hiiic ubi loco a successive ponitur 4 w , 8 o , . . . 2 (n - 1) o , loco - ol auteni 4 11 - or, 

i inamu.s inam(u+4 i ) s inam(u+8 i )  ..... sinam(u+4(n-1)w) - - 
(sin c o a m 4 r s i n c o ~ m  8 i . . . . rincoarn 2(n- 1) w r  

-x 

+ sino:am4a ) (' + sin cirn~i )......(L+-' ( l + x ) A  A - sin coam2(n- 1) w 
9) -- 

V (1 - kZxZ sinZ am 4 w) (1 - kZxl sin2am 8 ai) . . . . (1 - k2 X" sinZ am 2 (n - 1) w) 

) I' 

x x ).....(1- 
(1-x)BB - sin coam 4 w sin coam 8 w sin coam 2 (II - 1) w 

'0) V - = -Il= 
(1-k'x'siu2am4cu) (1-k2xZsin9am8w) .... ( l -k~rZs i i i2am2(n- l )w)  

(1+k sin ain ")(l+k sin (~+ksio  am ("+a LU)) . . . (l+k <in (II-@ (II-1) *)) 
- - 

(ham4wAarn8oi .  .. Aam2(n- l )w Il 

(1-k sin am u)(l-ksin am (u+ w))(l-ksin am ( ~ + 8  &)). , . . (1-ksin am (u#(n-llw)) 
- - - 

( ~ a r n 4 a i ~ a m 8 a i  ... ~ a m 2 ( n - l ) w f ~  
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Hinc ethm sequuntur fortnulae : 

" )(l- xx 
x x 

$ Z n  A B sin' coani 4 w sin2 coam 8 w )....fi- sin2 coam 2 (II - 1) m 
13) -- = [z 

V (k-k2xzsinzam4w) (1-kZxZsin'am8w) .... (1-kZx2sinZam2(n-1)a) 

J1-k?l.c~ (1-k2 x2 sin2 coam 4cu)(l-k7P sin' coam 8 ru) . . . . (1-kZ?sinZ coani2 (n-1) W )  

14) -- = 
V 

Jm.- 
(1-k2~2sinzam4w) (1-k2rzsin2am8ru) .. . . (1-k2r2sin2am2(n-1)w) 

DEI I IONSTRATIO FORRIULARUBI -4NALYTICARUDI P R O  

TRANSFORMATIONE.  

Iam denioi~stremus , posito : 

x ).....(L x 

sin coam 8 a, sin coani 2 (n - 1) w 
1-y = (1-1). 1r 

(1-kZx2sin2am4w)(1-k2xzsin2am8w) ....( 1-k2x2sin2ani2(n-1)w) 

et reliquas erui formulas, et hanc: 

(sin cosm4 W .  sin coam 8 u . . . . . sin coam 2 (n- 1) LU). 

M.= (rinam 4 r . s i n  a m 8 1  ... sinamP(n-I)-) '  

E formula proposita apparet , minime niutari y, quoties u a l i t  iu u + 4 m.  TULU euim 

quivis factor i n  subsecjuentem abit, ultiriius vero iu primuui. Unde generaliter y uou mu- 
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tatur, siquiihm loco u ponatur u + 4 p w ,  designante p iiomerum iutegriirn posit;vuni S. 

iiegatir-um. U l i  vero u = 0 ,  fit: 

si\ e J- = O . Facile enim patet, fore : 

-sinam4(n-l)m=-+sinam4w 

-sinam4(n-2)moi+sinam8m, 

. . . . . . . . . . .  

Iam quia y = 0, quoties u= O ,  neque mutatur y,  d i  loco u ponitur u + 4 p w ,  generaliter 

evanescit y ,  quoties u valores induit : 

O ,  4w ,  8w, ...... 4 ( n - 2 ) ~ ,  4 ( n - l ) u ,  

riu5us respondent valores quantitatis x = sin am CO: 

0, s inam4u,  sinam8w, ... sinani4(n-t)w, sinam4(n-1)u, 

quos ita etiam exhihere Iicet: 

0, f sinam4m, f sinam8w, .... *sinam2(n-l)w, 

sive etiam hunc in modum: 

0,  f sinamZw, f sinam4w, ... *sinam(n-1)m. 

Qui valores elementi x, quos evaiiescente y i~iduere potest, omiies inter se diversi erunt, 

eorumque numerus erit =n. Iam ex aecjuatioiie inter x et y supposita, e qua profecti su- 

mus, elucet , positis : 

V = (l-~~~~sin~am4ai)(l-k~a~sin~am8m) ....( 1-kzxzsinyam2(n-1)u) 

= (1-k2ir~in2am5iu)'(l-k2a2sin%am4m) ....( 1-kZx7sin'am(n-1)~).  

tr 
y =V , fieri U fuactionem elementi x rationalem iutegram nti ordinis. Quae ciim siniul 

cum y evanescat pro valoriLus rjuantitatis x numero n et inter se diversis sequentibus: 
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necessario forniam indiiit : 

xx 

)(1- RI sin2 am 2 a> sin" ani 4 w sin' aui (u - 1) tu 

tlesignaiite M Constantem. Cuiii posito x = 1 , fiat 1 - y = 0 , J' = 1 , oh1 iiitmus ex 
U 

aequatione y =-- 
V '  

(I- sin2 am 2 m sinZ am l 4 ai ) .... (1--- sina nni (II - I) u . 
1 = 

M (1-k"sinZam2a>) (1-LasinZani4w) .... (1-k2sin2arii(n-1)m) 

n-1 
(- 1)' (sin eoam l o>. sin eoam4 m . . . . sin corm (i, - l j  m)2 - - - -- 

~ { s i n a m 9 w . s i n a m 4 w  .... sinsm (n-ljwf 

- I,"+'(sin coam P m .  sin m a n  4 i  . . . . . iioroam (n- 11 ta)' 
M = 

(sinam2w.sinam4w ... sinam(n-1)mr 

Inter fuiiciiones U ,  V menioraldis iiitercedit correlatio, illani tlico supra nienio- 
1 1 

ratani, cuiils beneficio fit, ut posito - loco x sirnul y in - aljeat , clt~signante A ('011- 
k s A Y 

stantem. 

1 
Posito euin1 loco x albit: 

in hanc expressioneni : 

Contra vero eadeni substitutioiie facta , 
V= (1-k2x%in2am2m)(1-kzx2rin%am4w).. . . (1-k%'sinzam(n-1)m) 

i n  hanc espressioilem a l d :  
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1 U . .  
Undc loco x posito K ,  y = v  ahit in:  

1 
sive y in - siquideni ponitur : 

AY' 

Id q uod denionstraiidum erat. 

Ex aequatione proposita : 

X X )....(1- 

sin coam 4 a siu coam 8 w sincoam2In- 1) a 

1 1 
posito - loco x , - loco y, quod ex  aiitecedei~tibus licet , eruinlus : 

k x A Y 

f ( l - k ~ s i o c o a m 4 ~ ) ( 1 - k r s i n c o a m 8 a )  ... ( l-kxsincoarn2(n-i)w)r 
1 - A y  =(l- kx)  v 

U 
Ceterum yatet , y = &ire in  -y, ubi x in - x mutatur, quo facto igitur statini etiani 

Iam igitur eiusmadi iiivenimiis fuiictiones elemeiiti x ratioliales mlegras U ,  V, 
ut sit : 

designaiitibus A,  B , C, D et ipsis functiones elementi x ratiouales integras. Hinc autern 

secunclum Principia Transforniationis initio stahilita statini sequitur: 
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Muhiplicatoreni M, queni vocal~inius, ex  observatione 5. 15 facta obtiiienius. Untk 

iani ouines formulae a~~alyt icae  generales, quae theorkm transformatioiiis f~inctioiiuni el- 

lipticarum concernunt, denionstraiae sunt. 

Denionstrütio proposita, e s  ea , quaru dcilimus in  Novis Asti.onomicis a CI. Schu- 
K 

madier editis No. 127, eruitur, uhi ponitur a, loco - aliis omnil~us immutatis maiieiiii- 
n 

bus. Ipsiim tlieoremû annlyticum generale de Traiisformatioi~e srih forma paulo alia iani  

prius ibidem No. 123  cuni Analpstis comn~uuicavera~n. Demonstrationeni Cl. Legeiiilre, 

siimmus in hac cloctrina arl~iter ,  i l d e n i  No. 130 benigiie et prneclare reccnsere voluit. 

Ohservat iLi Vir niuliis nominilm venerandus, aequationeni: 

cuius beneficio clenionstratio cooficitur, et cpae nolis  e principiis transformationis niere 

algebraicis sequebatur, etiam sine illis ~nalyt ice  proLari pose. Quod cuni ex ipsa Viri 

Clarissinii sententia egregirini theoreniaii iiostro luceni affuiidat, praeennte illo, paucis hunc 

in  modurn demonstrenius. 

ita quocjue exhibere licet: 

d u  d V  d l o g U  d logV ABCD T 
- - = - = - = p .  

U d x  V d x  d x d r RI U V BIUV 

Invenimiis auteni : 
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n-1 
iiiiniero y in suninia desigiiaia tributis vcilori1,us 1, 2 ,  t,  . . , -2 . P o r r ~  i~iveriiiiiu.j : 

x X ,.:.(,--- 
siqz coam 4 w, sin2 coam (n - 1) w 

C ll = (1 -k2 3 sinz coam 2 w) (1 - kz x2 sin2 coam 4 w) . . ,. (1 -ka x2 sin2 coam (n- 1) o) , 

T A B C D  ---- - 
M U V  - M U V  

siquidem in productis brevitatis causa praefixo s i p o  n denotatis elenieiito p valores tri- 
n-1 

u n t u  1 , 2 , 3 , . . . . , - - Haiic expressioneni iu îractiones sini plices cliscerpere 
2 

licet , i ta nt formam iiiduat : 

quo facto ut  evictuni hal,eamus, quod propositum est, demonstrari debet , fore : 

Deiiotalhius il1 seclueutiOus pracfixo signo n(Q productuni ita formaturn, ut t h -  

n-1 meiito p valores tribuantur 1 , 2 , 3 , . , . , - 
2 , oniisso tamen valore p = (1 . 13 inc e 

praeceptis fractioniini simplicium theoriae a1,uiicle iiotis sequitur : 

sinZam 2 q o  - 
i -  

si na coani 2 p w 

1 - k 2 ~ i n 2 a n i 2 q w . s i n ' a n ~ 2 p w  

sina a m  2 q ru 
1- 

sin2 ani % p w 

~ ( q ) ( ~ - ~ 2 s i n 2 a m ~ q w . s i n 2 c o a n i 2 p o  

Iani e forn~ulis supra a iiolis exliibitis fit: 

sin2am 2 q ai 
1 - 

sin2 caam 2 p w cosam(2q+Zp)w . c o ~ a r n ( 2 q - 2 ~ ) r â  -- - - 
1 - k7 sin1 am 2 q a, sinZ an1 %p w cosZ an1 2 p o 

sin2 am 2 q  w 
1 - 

sinaam2pw cos coam (2p + 9 q) w . cos coani (2 p -2 q) w -= 
1-k2sin'am2qw.sin2coam2p w cosZ coam 2p w 
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Facile autem patet, sublatis qui  iu denominatore et nanieratore iideni inveniuntur facto- 

Il (q) cos coam (2q+2p)  w cos coam (2 p-ftq) o - T i  cos2 coam2 q w T cos coam 2 q o - - ---, 
cos2 coant 2 p w c o s c o a m ~ q w ' c o s c o a m 4 q w  e 0 s c o a m 4 ~ w  

A(q) = -(1 -k2sinZam 2 q a> sina coam 2 q o) cos coam 4 q w 

c o s a m 2 q w w s c o a m 2 q o  

At e nota de tluplicatioiie formula fit: 

unde hiideni, quod denionstrandurn erat, A(¶)=- 2 .  Prorsus simili modo alterani aequa- 

tioiieni : B(q)= 2 P sin2 am 2 q w probare licet ; quod tanieu, iain invento A(q)=-  2, fa- 

d i u s  itri fit. 
1 

Facile patet, loco x posito - non mutari expressioiieni: k x 

. x2 
1-k2x2sinZcoam2p<r, 

sina coam 2 p w 
x2 

(1- 
sin2ani 2 p w 

quani vidimus aequalem poni posse expressioni : 

- 2x1 R ((1) x2 -- --. + sin2arn2qw-x2 + ' ~ - ~ ~ s i o ' a n i ~ q w i ~  

'f 
Haec . auleni expressio, posito t;; loco x, aLit in  hauc : 

unde ut immutaia illa maneat, quod debet, fieri oportet : 

R ' ~ ) =  2kzs in2amBqo.  

Q. D. E. 
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E formula 1 4 )  5. 20 sequiiiir : 

(1-k2x2 sin'coam 4 u)(l-k'xasiu2coam4ar). . . . (1- kara sina coam (n-1) w) ,rm, jmE= ji-~lrz 
V (1-k2x*sin9 am2o)(l-k'rZsin2am 4 w) . . . . (1-k2t.sin2am (a-1) w) 

Posito x= 1, uiide d a m  y= 1 ,  ac $1 - AA=G fit : 

Iam ver0 est: 

A coam u = 
kt 

a a m u  ' 

Porro in usuni vocatis formulis: 

n-1 {sin coam 2 W .  sin coam 4ru . . . . sin coam (n- 1) wI2 
9) M= ( - I ) ~  

( s inam~w.s inarn4w .... sinam(n-lm?) . 
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Haruni forniularum ope formulae 1) , 4),  6) in secpentes abeunt : 

unde etiam: 

Aliucl ita iiivenitur forniularum systenia. Ex aecjuatione 4) secpitur: 
A 

am 2 u sin am 4 u . . . . sin am (II - 1) r01~, 
W2 Irn J 

uude : 
x x 

1- 
sin2am2 P U  k BI xx-sin2am2pür 

y=sinarn(.+, &)=en 1-k2isin2amPpo> A 1 

xx- 
k2 sin2 am 2 p 

sive : 

Radices huius aequatiouis nt' ordinis sunt: 

uide aeyuationem nanciscimur identicam: 
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Hitic prodit summa radicurn 

16) sin am (u+4 q w) = A 
khI $in an, (G. A ) .  

Eotlem modo invenitur: 

17) cos am (u+4q w) = (- 1 )  A 
L ~ M  cosam(+ A)  

A' 
19) tg am (u+4qw) = - tg ain 

k' M 

in  quilms formulis numero y tribuuntur valores O ,  1 , 2, 3 , . . . n - 1. Quas foriiiulas 

etiam hune in  modum repraesentare convenit : 

A 
sin am(+, A) = sin am u + x {sin am ( u + ~ ~ w )  + sin am (u-4qw)} 

k M  

0-1 
u1,i iiumero q tribuuntur valores 1 , 2 ,  3 ,  -. . . - . Iam arlnotentur formulne : 

2 

2 c o s a m  4 q 0 ~ A a m 4 ~  w sin am u 
~ i n a m ( u + 4 ~ w ) + s i n  am (u-4qw) = 

1 - k' sin2 am 4 q w sinZ am u 

2 cos am 4 q o cos am u 
w s  am(u+4qw)+cosam (u-4qo)  = . 

1 -kZ sin' am 4 q w sin2 am u 

S A a m 4 q  w A a m u  
A a m  ( u +  4 q  w ) + A a m  ( u - 4 q  o) = -- 

1- kZ sin2 am 4 q a, sin' am u 

*) cf. 5. 18 formulas I), 21, 9;; formula postrema e formulis IO), 50) fluil, ubi reputas, esse tg u + tg d 

sin (u + d) 
r 

cos a cos d ' 
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yuarurn ope forniulae 16) - 19) in has alneunt: 

h 
sin am (G , A) am + 2 2 COS am 4 q 41 A am 4 q  o sin am a 

LM 1-k ' s in5m 4 q w  sin1 an1 u 

- 
(- 1) ' A cos am (G. A)=-amm+r 9 cor am 4 q  a, COS am u 

21) k RI 1-k7 sinZ am 4 q w  sin2 am u 

A' 2 A a m 4 q w  sin am u coram u sq 
k'M 

yuae eiiam o l h e u t u r ,  111i forniulae supra propositne e methodis notis in fracîiones 

simplices resolvun tur. 

D E  V,4RIIS EIUSDEBI O R D I N I S  T R A N S F O R M A T I O N I B U S .  

TRANSFORRIATIONES D U A E  R E A L E S ,  M A I O R I S  DIODULI I N  DIINORERI 

ET M I N O R I S  I N  RIAIOREM. 

ni K + m' i h' 
Eleniento o vidimiis tril)iii posse vnlorem qiienilil,et scheniatis de- 

n 

signantibus m ,  n i  nuiiieros integros positives S. negaiivos, qui  tanien, qiioiieu ii est ou- 

merus cornpnsitus, nullum ipsius n factorem comriiuiiem Iiabeiit. Fataile auteni patet, plti 
q m K + q m * i  K' y sit primus ad n ,  valores w = sul)stitutiones diversas non exhihituros 

n 

esse. Hinc u l i  ipse n est numerus prinius, valores elenieiiti w ,  qui transforniationes di- 

versas suppeditriiit , erunt wiiies : 

sive etiani : 

aut, si placet: , 
K$&$~K 

~f S i K '  K  K k i K '  K I 4 i K '  - , - 
3 - * - 9  

. 
> 

n II n n . n 

G 
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sive etiani : 

quorum est numerus n+ 1. Ac reapse virliiiius, iii t~~a~isfomatioriibus tertii et qtiinti or- 

rlii~is, supra taniquam exemplis propositis , aec~iiationcs inter u =: '0 et v = *JA, quas 

Aequationes Modulares nuncupahnus , rcsp. ad qurirtuin et sesiurn graduni asceilclisse. 

Quoties vero n est numerus compositus, iste valile augetur numerus; accedunt enin1 ca- 

sus, qiiilnis sive ni, -sive n i  sive eticim wierque facloreni hahet cum 11 coniniunem , modo 

ne utrisque ni, ni' idem con~niunis sit cuiii il. Geiieraliter auiem valet theorema: 

,, nrémerum substitution en^ nti or-dinis inter- se diversarunz, qunrurn ope trnrufor- 

,, nmre licent functior~es ellil~ticns, aequnre summnnz fnctorum ipsius n, gui tn- 

,, nten nunierus, quodies n per quficlrntum diuiditur , et substisutiones nmplectitur 
9 

,,ex trnnsformatione et multiplicntione mirtns; adeoque quoties n i p ~ u m  est qua- 

,,clrntum ipsnnz multiplicntionem." 

lsta igitiir factoruni swmnia clesigiiabit grriduni, ad queni pi.0 drito nutiiero ii Aequatio Mo- 

ddaris ascedet ,  ubi adnotailduni est, cjuoties n sit nunierus yuadratus, unam e radicuiii 

numero praebiturani esse k = A, ac generaliter, quoties n =: ni", designante m2 qua- 

dratum minimum, yer quod numerun1 il divi(1ei.e licet, e nutuero radicuni fore etiam omnes 

radices Aequationis Plo(Zularis, quae ad ipsum v pertinet. 

Inter valores elementi o supra propositos, q i i i  casu , quo u est primus , quem , cuni 

in euni reliyui redeant , sive unice sive prae ceteris considerare coiivenit, universam trans- 

forniationuni copiam suggerunt, duo tantnni generaliler loqueiido *) inveniuntur, qui tranu- 
K i K' 

forniationes reales suppeditant , hos dico w = y, ai = - . Illani in sequeutihs voca- 
n 

hinlus traiisformatioiiem prinmm, hanc secundnm; niodulosque qui his respondent, desigiia- 

bimus resp. per 1, l, eorumque Coniplenienta per );, );. Argunienta aniplitudinis $ , 
yuae his modulis respondeut , ( functioiies integras vocat CI. Legeudre , ) designabinins per 

A A ,  A '  4'. Forniulae nostrae geiierales pro his casihus evadunt sequeiites. 

*) Nam infinitis casibus pro ~ o d u l i s  speeialibus f i t ,  ut par iadicum imaginariariirn Aequationuni Modularium 
sibi aequale evadat ideoqiie i-eale fit. 
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F O R M U L A E  

OK 4 K 
sin coam - sin coam - . . . . . . sin coam - 

n n n 

P K  . 4 Ii ( n - i ) K  ? ( sin coam s i n  coaiir- . . . . . sin coani - 1 
n n 

h l =  -- 
4 K (n - 1) K / sin a m  7 sin am y . . . . . sin ani - 

n 

sin am u sin1 ani u sinZam u sinCam u 

sin7 am -- 
1 n 

= (-1) - s inamusinam u+- s i o a m  u+- .... s i n a m  u +  Y: . ( 4 1 r 1  ( an., ( 4 ' n 2 K J  
si n%m il sinz am II sin' am u 

sin' coain - sinZ coam - 
n n -- 

( n - 1 ) K  
sinZam - sin'aiii u 

n n n 

(n-1)K . " 1-k'sin9coain s i n -  ant u 
n n - 

4 K  (n - 1) K 
sin' am II)(~ -k?sin2ani - sinz ant u) . . . . (1 - k2 sio7ani - sin7 am u 

n 

sin an1 u sin am u 

siu coain - siii coam 
1 - s i n a m u  n 

1 +sin ani u sin ;iin u siri ant u 

4 ( n - l ) h  
sin coam - 

/ 1 A sin am 
- - 

J 
P ( n - l ) K  

sinam u 
1-k sin am u n 11 n 

1+?- sin am u ' 41i 8k S(n-1) k . 
(1.1 sin coam-sin am ~ ~ ) ( t + k  sin coai~i-sin am LI). . . (i+k sin coam smam .) 

n n 
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9 q K  2 q K  
(-ljqcosam- -Aam-sin a m u  

A .  
- S I I I ~ I ( ~ ~  k M  A) = s i n a n i u + ~  n II 

2 q K  1 - k2 sin2 am s i n '  am u 

(- 1) COS am cos am u 
A n 

- - a n t ( G D  LM A) = c o s a m u + t  2. 
Z q K  . 1 - L2 sinZ am s i n '  am u 

n 

4 qK 
1 

A a m - A a m u  
n 

-Aam M (G, ~ ) = ~ a ? u + 2 2  
4 q K  1-kg sin! a m s i n a  am u 
n 

A am 2qK sin am u cos am u 
A' n - fg am 
Ir' QI (+. h ) = I g a m u + ~ ~  e q K  . 

=OP am '9 - A' am - sin2 am u ' 
n n 

II. 

A. F O R M U L A E  P R O  T R A N S F O R M A T I O N E  REAL1 SECUNDA,  M O D U L I  k IN 

M O D U L U M  A,, SUB F O R M A  I M ~ G I N A R I A .  

2iK' 4iK' 
sin coam - sin coam - . . . . . ain coam 

n n D 

2iK' . 4 i  K' (n-1)iK' 
sin coam - sin coam - . .; sin coam 

sin am ($ . A,) = 

sina am u sin' am u si na mu(^- 
9:,)(~- 

4rl)--*e(l-  
sin' am - sin2 am - sina am 

sin2 am u sin7 am u . sinaam u 

sinZ am ( n - 3 )  

. 

n 
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sin1 am u 

n X1- s i n 5 m  u sin'am 11 

EiK' 4i&)....(l- (n-ljiK' 
sina coam - sin" coam - s i 3  -am 

/ u  1 n n 
7- 

cos an1 A,) = 
i - sina am u \ 1 .  sin2airi u '\ 1 .  s in ' amu .  \ 

1- 
(n-2)iK' 

sin" am 
n n n 

( 4 ( "j . COS am u COS am II + - COS am u + - . . . . cos am 
A, k' 

sin" am u sin' am u sin' am u 

(n-2)i K' 
sin" coam - s idcoam 

A am (L , A,) = - 
M I  sin" am u sin2 an) u sin 'am u 

(n-2) iK' 
sin' am - sin" am 

n 

J- I - sin am (+ , A,) 
- - 

1 +sin  am (A, A,) 
RfI 

sin am u 1 /- 1 .  sin am u 'i / sin am II i 

/ (1- P ~ K ' ) ( ' -  sin 
4 s )  . . * ( l - 

(n-1)iK' 
sin coam - sin coam 

n n n 

l + s i n a m u  riu am u sin am u sin am u 

ziK')  (" ( n - 1 ) i ~ '  
s i n  coam - sin coam - sin coam 

n n n 

J 1 - A, sin a* (A, A,) 
Y - - 
u 

I + A, sin am (-q-. A,) 

sin am u s h  am u 
(n -2) i K' 

rio w a m  - sin coam 
n n 

sin am u sin am u sin am u 

(n -2)iK' 
sin coani - sin coam - 

n n 

(2 q - 1) i K' (eq- 1)iK' 
cos am A am sin am u 

4 n n 
s i o a m  u -- 

k M, k &,1 am @ F i ) i K 1  - sin" am ,, 
n 
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(2q-l)iK',a,(2q-1)iK' 
n-1 (- 1)q sin am COS am II a (- 1). C n n 

" l ' ~ " c o s m ( ~ ,  \ ) = p o s a m u +  
LM, 

i k  (Zq -1)i h' 
sin' a m  - sin2 am u 

n 

B. F O H M U L A E  P R O  T R A N S F O R M A T I O N E  R E A L I  S E C U K D A  SUB F O R M A  R E A L I .  

4' = IL'" ( sin coam ('" - , 1.3 sin coam (" y kg . . . . sin coam 
n n 

(sin coam (F . kt) sin coam (F , kl) . . . . sin coam ( (n K' , kf) 1 2 

sin am u sin2 am u s in ' am u sin2 am u 
l+-- 1+-- - ( t g T a m ( F , r ) ) (  g ( , ) ( i g a n l ) " , ~ ~ )  n 

ii ))( (n- 1) K' 
I+sin9am u A' am -. kp 1+sin7 am uuam(?:, .')) .. . (l+sin2arn u 

am (.n, L')) 
cos am (2, A,) = - 

sin2 am u s i n 5 m  u sin2 am u 

(l+~";i)(,I+~~~)..*(''tg n 
tg7 am - 9 am i(n-2jK n a rj) 

\)= sin2 an1 u 

tg' am 
n 
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J 1 - sin am - ( Il, A#) - - 
1 + sin am (+, A,) 

1-sinamuAam -,k' )) . . . ( i n n a m U ~ a m  
1-sin am u 
If sinamu 

(n - 1) K' 
~ + s i n a m u ~ a m ( ~ l  u .>)(l+sinamuAam(--., D k))...(l+sinamuAam(n, 9) 

! 

l+k sin am u - ( . l+Aam($*  k ' ) ~ i n a r n u ) ( l + A a m ~ ~  k')GnamU) . . . ( l + A a m f G ,  kl) cinamu) 
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0 

n-1  
In fornidis pro transformatione prinia positum est (- 1(!l loco M, Formulas 

y ro transforma tioiie secuiida dupliciter exhibere placuit , et sub fornia imaginaria et SUL 
O mi K' S m  i K' forma reûli, in quibus praeterea loco k sin am -, k sin coam - , cet. ubiyue 

n n 

-1  
scriptum est - 1 

(n-2m) iK'  ' (n-P m) i K' cet. Id quod, sicuti reductio in 
sin am sin coam 

n n 

forniarii realem, ope foriiiularurn $ 19 facile transactum est. mi signunl ambiguuni - + 
n-1 n-1 

yosituni est, alterum + eligendutn est, ulji - e est numerus par, al teruni - , uLi - 
3 

est numerus inipai; (le sigrio + contrarium valet. III summis praefixo Z tlesignatis, nu- 
n - i  

mer0 q valores 1, 2 ,  3 ,  . . . . - tribuendi sunt. 
2 

R forniiilis pro transformatione prinia propositis palet, cluotiks u fiat succes- 

sive : 

fore am (+ , A) : 

Contra vero vidernus in iransformn tioiie secunda, quoties I I .  fiat : O-, I< , 2 K ,  3 IC, . . . 

unde hoc casu: 

Ceterum e forniulis pro ModuIis 1, A', k, 1: exhihitis eliacet, wescente n, Modu- 

los A ,  A: rapide ad nihilunr coiivergere, ideoque simul Modalos A', k, proxinie accedere ad 

unitatem. Itaque transforrnatioaeni RZo(1uli primani clicere convenit mnioris in minorem, 

secundam minoria in maiorem. 
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DE TRANSFORMATIONIBUS CODIPLEMENTARIIS 

S. Q U O X O D O  E TRANSPORiMATIONE MODULI I N  MODULURI A L I A  

DERIVATUR COMPLERIENTI IN COMPLEi'iIENTURI. 

In formula supra inventa: 

tg am (2, A) = {ctg a m u i g a n i  ( I I+~P)  t g a m ( u f 8 u )  ...- & an1(11+4(n-l)o) 
A' 

ilc. . f . I ponamus u-lu,  @=lu, ita ut sit u=niIi+ui'iIC', w'=~ii'I('- mi^. lam vero 

est ( 5 .  19) 

ig am (i u', k) = i sin am (II', k') 

tg am (i u', A) = i sin am (u', A'). 

unde formulani aiiegatam in sequenteui abire videmus: 

Porro inveiiinius forniulas : 

A' c'= - Y 

( P a m ~ w ~ a m 4  m. . . .  A a m ( n - 1 ) w r  

"-1 (sin coam 4 o sin coam 4 w . . . sin coani (ri- 1) w)' 
M= (- L ) ~  

(sin am 2 w sin am 4 QI . . . sin am (n - 1) au)" 

quae e formulis: 
1 

A a m ( i u ,  k) = -- 
sin coam (II. kt) 

1 
sin coam (i u , k) = 

A am (II. k') ' 

sin coam (i II, k) - - 1 - - i sin coam (II, k') - - -. 
sin amXi u , k) tg am (II , k') A aui (u , k3 rin am (II, k') 

in sequentes abeulit: 

h' = k m { h  coam 4 of Sn coam 4 u' . . . . sin coam (n-1) w')'  MO^ L') 
, 9 

(sin coani 2 au' sin coam 4 ru' . . . . ,in coam (n - 1) P ) 
M =  - (3Iod k'] . 

(sin ani O w' ain am 4 ww . . . . sin am (n-1) r'r 
H 
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His forniulis coniyaratis cuni illis, quae transformationi Moduli k in  Modulum in- 

serviuiit : 
- 

kn 
sin am (+, A) = dT s i n a m u s i n a m ( u + 4 w )  sin am (u+8 a) .... sin am ( u + 4  (n-1) cu) 

A = kn(sin coam 2 o sin coam 4 OJ . . . . sin coam (n-1) w)' 
. b  

sin coam 2 o sin coam 4 o . . . . sin coam (n-1) OJ 
M = (- l ) i  

sin am 2 w sin am 4 o . . . . sin am (n - 1) o . 

elucet Tlit!orenia, quod nlaximi momenti censeri delet in Tlieoria Transforniatiotiis: 

,, Quaecunque de Transformations Moduli k in Modulurn X proponi possint 
w ,, formulae, easdam ualere, nzutato k in k', X in A', w in o' = - 
i ' M in 

Transforniationem autenl Compleuieriti in Complenientum, dicto .modo e transforniatione 

proposita derivatam, dicenius Transformntionena Complementariam. 

Facile patet, transformationum realiuni bloduli k transformationes reales Moduli k' 
complenieutarias esse, ita tanien ut primae Moduli k secunda Moduli k', secuiidae Moduli 

k prima I\ioduli k' conipleaientaria sit. U?d eniin in  theoremate modo proposito ponitur 

f K  f iK' 
w=- , u;i- 

n n 
quod transformationibus Moduli k primae et secundae respoiidet, 

, a, f i K  , a, 
fit W =-=- , W c-,- 

n 
, yuod transformationibus Moduli k' respoidet resp. 

1 n 

secundae et primae. Nec non, cum -crescente Modulo dccrescat Coniplementum ac vice 

versâ, transforniatio Moduli in Modulum ubi est maioris in  minorem, transforniatio Com- 

plernenti in Complenieutum seu transforniatio complementaria minoris in niaiorem esse de- 

bet, ac vice versâ. Videmus igitur, niutato k in k', abire ), in  ),', 1, in A'. Nec non 

Mpltiplicator M , trausformationi prinlae eiusque cornplenientariae cornmunis *), abibit . 
*) Hoc generaliter iantum neglecto signo valet; vidimus enim, quod in altua tr. erat M, in complementaria 

n-1 n -1 
esse (- l)TM; at nostris casibus eo, qiiod in transformatione prima loco M positum est (- 1)- M 

(v. supra), signi ambiguitas tollitur, ita ut transformationibus realibus complemeniarüs omnino idem sit Mul- 

tiplicaior M. 
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in M,, qui ad transformationem seculidam eiusque compleme~tariae pertinet, ac vice vers; 

, in M. Hinc e formulis supra inventi. : 

sequuntur hae : 

unde yroveniunt formulae summi niomenti in hac theoriri : 

Hae forniulae genuiiiutu transformationis propositae characterem constituurit, uncle patet, 

1)ono iure singulas nos transforniationes ad singulos numeros n retulisse. Adnotabo, yuo- 
I ## ties n sit numerus compositus = n n , e siiigulis radicibus realibus Aequationum Moduia- 

rium, sen e singulis Modulis reaUus,  in quos datuni Moduluni k per substitutionem nh* 

ordinis transforniare liceat , provenire aequationes huiusmodi : 

quae singulis discerptionibus numeri n in duos factores respondent. E quaruni igitur nu- 

mero, qiioties n est nunierus quadratus, erit etiani haec: 

quae docet, cavu quo n est yuadratuni, e numero substitutionum esse unam, quae niul- 

tiplicationem suppeditet. 
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D E  TRANSFORMATIONIBUS SUPPLEMENTARIIS  A D  

lUULTIJ?LICATIONEN. 

Revocemus formulas : 

quil~us liunc in modum scriptis : 

elucet, eodenr modo pendere Modulum A n ilfodulo k ntgue Modulum k a ïîiodulo A,,  sive 

eodem modo pendere Modulurn k n Modulo X atgue Modulum X# n Modulo k.  Itaque per 

transforniationem priniam S. niaioris in minorem, qua k in A ,  transformal~itur Ad in k ;  

per tranul'ormationeni secundam seu niinoris in niaioreni, qLia k in A,, transformal~itur 

A in k. Itaque post transformntionem primnn a d l d i t n  sscundn aeu post secundanc ndhilita 

prima,  Modulus k in se redit,  scu trnnsfo~-mntiones prima et recunda successive ndhibitae, 

utro ordine placet, Nultiplicntionem prnebent. 

Vocenius M' Multiplicatorem , qui eoilem iilodo a h pendet atque fil, a k ; bl: JZul- 
tiplicatorem qui eodem modo a pendet atque M a k ; ita ut ol~tineantur aequationes: 

quaruni altera transformationi Mocluli k in  Modulum A per' transformatioiiem primaui, al- 

tera trausforniatioai Moduli X in  Rloiluluni k per transforniationem secunrlam respondet. 

Ex his aequationilm proveuit s 
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It K 
aLit , ohtiiietur I< = - 

M' ' qua aequatioiie convarata cum ifla A==, provenit 

1 -- M ~ ,  - n , uncle : 

K 
Eodem modo ex ûequatione A = - niutaiiclo k i n  l,, quo facto 1< iu A,, X iu k, A in 1<, 

n M  

K M, iu M: abit, proveiiit IC = - A' , qua aeqnntione cornparata cuni Iiac Al= - , proveld 
n M: M. 

* 
1 

==ni uncle videnius, d u o h  illis casibus post-binas transforniationes successive acl- 

hihitas multiplicari Argumenttm per numerum 11. 

Ubi post transformationeni Modnli k in Modulum ), riIodulus 5 rursus in l\locl~iluui k 

transformatur, ita nt Multiplicatio proveniat, hanc trausformationem illius aupplementarinm 

nd rnultiplicntionm seu simpliciter supplemer~tnrinrn nuncupaliinius. 

Apponanius cuni exempli causa tuni in usuiii sequentiuni forniulas pro traiisforma- 

tione primae supplementaria, S. RfoduIi x in Moduluni k ,  quae erit ipsius X secuuda, eas 

tamen sub altera tantum forma iniaginaria, cum reductio ad realern in pronitu sit. Quas 

confestim obtinemus fomulas, ubi in  ib, quae supra de transformalione ilfoduli k secunda 
1 propositae sunt, (v. ta?). II. A. 5. 24) loco k poiiinms A ,  k loco A,  loco u ,  RI'=- 

M n M  
P n 

loco M, unde - - - n u  1oco - . In his forniulis , sed iu his tantum , ~Io(lu1us k vale- M 

lit, nisi diserte idjectus sit Hodulus k ; ceterum I>reritatis causa positum y= sin am (G, A); 

n-1  
numero (1, ut supra, tribueiidi sunt valores: 1, 2 ,  3 ,  . . . , -. - 

3 

IRIS - LILLIAD - Université Lille 1 



FORMULAE P R O  TRANSFORM..kTIONE RIODULI a IN MODULUIU k, 

S E U  PRIBIAE SUPPLEMENTARIA.  

ZiAf 4iA' 
coam - sin corm - . . . . sin coam 

n n 1 " .  

A . 
L' r 

2iA' 4iA' 
b a r n - ~ a m -  n n .... A a m  n 

2iA' . 4iA'  (n-1)iAv 
sin coam - sin coam - . . . . sin coam 

1 n n 
nM 2 iaA' 4 i A' 

sin am - sin am - . . . . sip am 
n n 

u 4iA' 8iA1 u 4(n-l)iA1 = flzsin L am(g+o)s in  am ... sin am (M+ n 

" 2iA)(l- Yy CG-Y ('- sinz coarn - sin'coam - sin1 coam 
n n 

cosam (nu.  k) = 
Y Y  Y Y Y Y  

i )  sin2 am ) - sin* am [ i - q i a  sin' am - 
n 

A am (nu. 

Y Y  
J-('- sin2 coam - sinZ coam - (n-2)iA' 

sin' coam 
n n - n 

YY Y Y  Y Y  

(' - $-) ( sin* am 
(n-2)iAf 

sin' am 
n 
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Y Y Y 
(n- l ) iA* 

sin wam - sin coam - sin coam 
n n n 

Y .;A*)('' Y 4iA1)  "'(,l+ Y (n-1)iA' 

sin coam - sin coam - sin coam 
n n 

(II sin . coam Y - iA1 ) ('- sin . coam - sin coam (n -2) i A* 
Y 

n n n 

Y i. )(" y Y 

sin coam - sin coam - sin coam 
(n --) 

n 11 n 

(2q-1)iA' (2q-1)iA' 
COS am a am 

A Y sinain(nu,k)=--- - SY f n n 

LnM k n M  (2q- 1)iA' 
sin2 am 

n - Y Y  

n-1 (- 1)q sin am (2q-1)iA' (Sq-1)iA' 
(- I ) ~  COS am 

C n n 
Aam ( n u ,  k) =- 

n M  

SqiAV 

n y  J G  (- l)q A am, - 
A' Y 2 n 

tg am (nu ,  k) = -. 
i l n M  [F + klnN 2 q i A '  SqiA'  

cof a m -  Azam s i n Z a m  u 
n n 

Theorenia analyticum generale , trausforniatiouem iiiam primae supplementariam 
T 

concernens, iani initio mensis Augusti a. 1827 cum Cl. Legendre communicavi, cuius 

etiam ilie in Nota supra citata (Nova Astr. a. 18 27. no. 130) nientionem iniicere voliiit. 

Simile forniularurn systema pro trausformatione altera secuiidae supplementaria S. transfor- 

matione Moduli a, i n  Rlodulum k stabiliri potuisset. Quae oninia ut dilucicliora fiant, ad- 

iecta tabnla formulas fundamentales pro transforniationSus prima et secunda earuni com- 

plementariis et supplenlentariis coiiupectai exponere placuit. 
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Nec non e nuniero transforniationuni imaginariaruni una quaeque nuam habet sup- 

planentanam ad Multipliaatiotiern. Supponamus, quod Iïcet, iiurneros ni, rnr 5. 20 fwto- 

rem comniuneni non habere : sit porro ni p'-,u ni'= i , designantilus y, p' numemi intei 

gros positives S. negativoé;. Iani s i  in forniulis nostris generalibus de transformatioiie pro- 
pK+p'iK' 

positis S. 20 sqq. ponitw ut = 
n M  

, ac k et A inter se comm~tantur,  formulas ob- 

tiiiw, quae ad s u p p l e n i e n k i a ~  transforniationis pertinent. Posito m= i ,  m ' z o ,  fit 
pK+p'iK' i K' i A' 

p=O, ,u'=l, uude - _ -  
P M  A nM - quod primae &upplenieatariâm praei 

n 

l e t ,  nti vidimus. 

FORMULAE A N A L Y T I C A E  GENERALES P R O  DIULTIPLIC-4TIONE 

FUNCTIONUM ELLIPTICARUM. 

E biniç Transforniationibus Supplementariis coniponere licet ipsas pro Multipli- 

catione fornidas, S. formulas, quibus functioiies ellipticae Argunieiiti a u  per functiones 

ellipticas Argunieiiti L expriniuntur. Quod ut exeniplo demonstretur , Multiplicatio- 

nem e transforniatione prima eiusque supplenientaria componamus. Queni in finem re- 

vocetur forniula : 

quani etiam huuc in moduni rcpraesentare licet: 

. 
n-1 designante ni numeros 0, t 1, 2 2 ,  . . . , t- 
2 .  

l u  hac formula Ioco u ponanius 

2m'iK' u 2m'iK' u 4 m ' i ~ ' .  
u t -  M 

- + . prodit , u n d e r  abit in =+y-- 
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n- ]am ulii et ipsi m' trilmantnr valores O ,  - + 1, 2, . . . , $4, ita ut utnsyue m , 

uLi in altero producto numero m', in altero utrique m, n i  valores O ,  + 1, 2 2 ,  . . , 

At vidimus 9" praececiente , esse : * 

yuan1 ita quoque repraesentare licet formulam: 

0 

unde iani: 

Eodem modo -invenitur : 

nn-1 

21 cos am n u = {(') cos am (u + 
n 

Quae facile edam in hanc formani rediguntur formulae: 

sin" an1 u 

9mK+Sm'iK' 
&in1 am 

n 
4) sin am u = o rinamu 

9niIi+Sm'iKe 
1 -ka ainaam Y- s inarr i~u  

n 

sina am II 
4 -- 4m Ii+4ni'i Ii' 

sin'coaui 
n 

5 )  ~ i a r n ~ J ~ c o d a r n t ~  - 
9mK+9ni' iI i  

1 - ka sin1 am s ina  ani u 
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2 m K j e m ' i K '  

rI 1 -1fc s in2co~m . sih2rmn 
n 

6) A a m  n u  = A a m u  -. 
2mK+2in1iK' 

1 -ka siii' Am - sina a h  i, 

QuiLus addere placer sequeiitee: 
\ 

n n-1 

2 m K+2 m'i K' 
8) coi2am 

n 

n-1 
Iii sex foimiulis postreniis iiuniero m valores lant~im positivi O ,  1 , 2 ,  q,  . . . ,i - 2 

coiiveniuiit, ita tanien ut cjuoties ni = O et ipsi m' valores tantum yositivi 1, 2 ,  3, . . . , 
! 

n-1  - t r ihantur .  Et has et alias pro Multiplicatione formulas iani prius Cl. Abel mutatis 
2 

mutandis proposuit, unde nobis I~reviores esse licuit. 

V 
DE A E Q U A T I O N U M  M O D U L A R I U M  -4FFECTIBUS. 

Quia eodem modo A, a k atque k a A, nec ilon - 4' a kt, k 'a  A' peudet; patet, ubi 

secundum eandem legern hloduloruni scalas coiidas, qui in se iyvicem transforiiiari pos- 

sunt, alteram Moclulum k,  alterani Complementutp eius k' continentem, in iis terminos 
$ 

fore eodem ordi ne se cxcipieii tes : 

...., A ,  k, A,, ... 
..., +-, II*, A', . . . .  I 

Id yuod in transforniationilms secuiiili et teriii ordiiiis idm prius a Cl. Legendre ol~serva- 

tani et facto calculo confirniatum est. Siniilia cuni de oninibus nlocl~lis trausformatis et 

imaginariis valeant, patet , rlesignante 1 ~ I o d d u n ~  transformatuni queiiilibet , aequatio- 

nes algebraicas inter k et A, seu inter ir = ;rk AS &LA, qua+Aeyuatione+ ModuInrea 

iiuiicupavinius , in~nlutatas nianere , 
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. 
1) uhi k et 1 inter se conimutentur, 

2) u l i  k' loco k ,  h' loco A yonatur. 

Alteruni iani supra in aeyuationibus l\lodularilus , quae ad transformationes tertii et quinti 

o r h i s  pertinent : . 

observavinius; eiusque observationis ope expressiones algebraicas pro transformationilus 

supplenientariis eshibuinius. Ut alteruru quoque his exemplis probetur , aequationes illas 

in alias transformenius inter kk  = un et nn = v8, quod non siue calculo prolixo fit. Quo 
sul~clucto ol~tinentur aequationes: 

1) ( k ' - ~ ' ) ~  = l % k 2 A 2 f L - k 3 ( 1 - A Z ) ( 4 - k a -  A ' + P k 2 A * )  

2) (k2 - A')' = 5 1 2  k2 A' (1 - k') (1 - A 3  (L - L' k2 + LIf k4 - L"' kkj  , 

siquideni in secunda ponitur : 

L = 1 2 8  - 192 A2 + 78 A4 - 7 A" 

L' = 192 + 252. A' - 4443 A4 - 78 A6 

L" = 78 + 423 ha - 252 A' - 1 9 2  A' 

LN'= 7 - 78 A' - 192 A4 - 128 h a .  

Quae in formam multo coniniodiorem abeunt aeyuationes , introductis quaiititatibus 

y = 1 - 2 ka, 1 = 1 - 2 X2. QUO facto aequationes propositae evadunt: 

Quae neyuationes , ubi k' loco k , A' loco L ponitur, unde y iu - y ,  1 in &i &it , iniiiiu- 

tatae uiaiient; id quod clenionstra~idum erat. 

Corollarium. Quia Aequationes biodulares inter y = 1 - 2 ka et 1 = i - 2 XL 

propositasforiiiaui satis comniodaru induere vidimus, interesse potest, et ipsas functioiies 

IL, K' secunduni quantitateru q evolvere. Quod nou ideganter  fit pei: serics : 
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ubi hrevitatis causa positum est 

Faciliori ilegotio pro traiisforriiatioiie tertii orclinis aequationeni : 

u4 - v4 + 2 u v (1 - u' v') = O 

ita tramformare licet, ut correlatio illa inter iUodu1os et Complenieiita eluceat. Obtiue- 

mus enirii ex illa : 

(1 - u4) (1 + v4) = 1 - u* v4 + 2 u v (1 - u' v 3  = (1 - u' v') (1 + u 

(1 + II') (1 - v*) = 1 - u4 va - 4 u v (1 - u' v') = (1 - ut V? (1 - U v)'. 

cluihus iu se ductis aequalioiiiLus prodit: 

(1 - II") (1 " v") = (1 - u' 9 j 4 .  

laiii sit: 

extractis radicilus fit : 

u" Y' = 1 - ut v i l  

c p r v  i psnni elegantissimani foriiiu lani iarii Cl. Legeiidre exl i ihit  . Neque inelegaiiter illa 

per forriiulas iiostras aiialy ticas prolmtur. r)uippe e q u 5 u . ~  casu n = 3 flii it  : 

A = k3 sin' wam 4 u ; A' = L" 
O ' a m 4 u  ' 
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k2 COS* ani 4 o $Ti-= k2 sina ccam 4 o = 
L ' a m 4  w 

u d e  cuiu sit : 

k ' k ' + k k c o s 1 a m 4 w  = 1 - k k s i n a a m 4 0 = A ' a m 4 w ,  

obtiiiemus, quod demonstrandum erat : 

$fi+ $ k T =  1. 

Aequationem propositam : 

u" vy" + 5 u1 va (u2 - va) + 4 U V (1 - u4 v4) = 0 

quani facile patet induere posse formas duas seyuentee: 

(u2 - v3 (U + v y  = , 4 u v  (1-  u4) ( l +  v 3  

(u' - vZ) (u - v)4 = - 4 u  v (1 + uQ) (1 - v*) , 

Hinc facta divisione et extractis radichus, eruitw: 

u1 - v= u v' -- - -, sive U V  (ua- y') = U' vf (V2 - uu2), - u  V 

TE (fk - <A) = ~ W ( ~ A I  - I o ' )  
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Alia adhuc aeyuationum Modularium 

u4 - V' + a u (1 - U= vZ) = O 
ue-ve + 5 u z v =  (u2 -.., + 4 u  v (1 - u* v*) = O 

ilisigiiis poprietas vel ipso intuitu invenitur , viz. inimutatas eas manere, siyuideni loco 
1 1  

u,  poliatur -; , - . Quod ut generaliter de aequationitius ~fodularibus daninnsiretur, 
V 

adnotentur seyuentia , yuae ad alias etiam quaestiones usui esse possunt. 

Ulji poiiitur y = k x, obtinetur : 

UU& cum simul x = O ,  y = O : 

Hinc posito 

d Y = L u ,  

1 
r = sin am (u, k) , J = sin an1 (k u , T) . Hinc provenit aequatio : 
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1 
sin coam (I u, T) = 

1 
sin coam (u, k) 

I 
A coam (Lu, +) = 

gi k' 
k cos am (u, k) 

-1 
tg coam 6 ", +) = -- 

COS coam lu, k) 

i i k' 
Porro poilenda i u loeo u , quia Complenientum Maduli f i t  - k oltinenius adiumento 

forniulairirn g' 19 : 

tg am (t u , %) = cotg coam (u , kt) 

cor coam (L u , %) = sin am (u, Y) 

i k' A am (u, Ir') 
A coam 

k 
. 

Iam ii~vestigernus, quaenam evadant K,  IC seu a g .  am (%, k) , a q .  am (% , k') , ai- 

l f 
quidein lodo k pouitui. r; seu investigemus valoreni expressionuiri arg. am ( G y  +), 

i kW -) , yuae expressioues e notatioue a CI. ~ e ~ e n d r e  adhiliin forent F' (+) , mg. am (+ , 
F ' )  Fit auteni prirnurn : 
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Yosito y = k x ,  fit 

1 -- 
Ut al teruni eruaiur in tegrale , poaanins y = SI - k' k'x' , unde 

k 

d y  - - k d x  . Iani quia x imle a O usque ad i crescit, si- 

nid atque y inde a 1 usque k clecresçit, ol~tinenius: 

k d x  

k 

Hinc yrodit mg.  am (; , ;) = k {arg am ($ , k) + i nrg. am (G , kt) } = k {IC + i IL'), 

1 
rive u l ~ i  k in - mutatur , al& IC in k {IC + i ~ ' ) .  

k 

rosit0 secundo loco y = cos Q, fit : 

1 ?I 

"@ - k K', uncle : 
1 - k' L' sin Q7 

i k' 
mg. am (a, T) = k q. am (; , kt) = L K' , 

1 reu u l i  k in mutatur, abit Kr in k Ii'. 

1 
Generaliter igitur niutato k in abit ni IC + i m' IL' in k niI< + (m + ni? iK' , 

k p ( r n ~ + ( r n + r n l ) i ~ î )  

1 
unde sin coam -- I p"K+m'iK' 

, k\ in sin eoani I n 
, , id p o d  e for- 

1 
mula sin coam (k u ,  t) = -rn(;;Tj. fit: 

Lp ( m ~ + ( m  +ml)iK') 1 
;il coam 

P (m K+&I + m') i K') 
sin coam 

n 
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niK+ni'iK1 - mK+(m+ni')ili' 
Iani igitur, posita - b),  - - te,, expressio 

n n 

1 
niutaio k in - iu banc aljit: 

k 

1 - 1 -- 
Ln (sin coam 2 ~ , ' s i n  coam 4 ai, sin coarn 6 iv, . . . sin  coarn (n - 1) w)' iu 

ubi p et ipsa est ratlix aeyuatioiiis Modularis, seu e Mocluloruni ournero, in quos p r  

tran,sforniationem nt' ordinis Rfodulun~ proposituni .k transforniare licet. Nanique e valo- 

rihus, yuos r induere potest, kt prodeat Diodulus ~ransforniatus, erit eiian: ille y .  Cide  
1 1 .  

iam causa palet, cur generaliter Aequatioues Modulares niutato k i n  L, X in - ininiu- 
A 

taiae manere deheaiit. 

Adnolabo adliuc, ubi secundiim eandem transforniatiouis legeni yuanipiani siiiiiil 

transformatur k in kt"), 1 in X'"), cjuoties kcm) loco k ponatur, etiani 1 iu A.'") a l i re  ; 

uiide aeqnationes Modulares ubi siniul k in  ktm), A. i n  A(") mutatur, inimutatoe nianere de- 
- 

I~ent. Ita ex. g. aequatio Jk A + JkT = 1, quae est pro trmsforniatione tertii ordi- 
1-k' 1-A' iiis imniutata manere (lel~et, uhi  loco k , 1 resp. ponitur -, - 
I + k  l + A '  

, iinde loco k', A' 

2Jt;'  2 J r  
ponetur - - 

1+L' ' 1+A' , id quotl per .transforniationeni secundi ordiiiis fieri notuni est. 

Quippe aequatio J k y +  JkT = 1 in hatic aliit: 

quae extractis radicilms in proposilam redit: 

[T = 1 - $klh' sive fi+ [k'h'= 1. 

Quocl exenipluni iani a CI. Legcudre prolîosiiuni e ~ t .  Gciieraliter auiem de coniposiiione 

transformationuni probari potcst, trai~sfornlationihu~ duiil,us aiit plurilms successive adhi- 

Litis, ad eandeni perveniri, (luocunque illae adhi1)eauiiir ordiiie. 

1< 
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At inter affectus Aequatioiiuui Rlodularium id maxinie niemoralde ac singulare niihi 

videor ailiiiiadvertere, quod eidern onmes Aequntioni Diferentiali Tertii Ordinis sntisfminnt. 

Cuius tamen investigatio paullo lougius repetenda erit. 

Sntis notuni est *), posito a K + h IL' = 0, fore : 

designantibus a ,  L Constantes quaslilet. Ita etiam posito a' IL +l;I<= Q', rlesigiiantilus 

a', h' alias Constantes quaslilet, erit 

d a  Q' 
k (1 - k') - d Q' + (1-Bk2) - = k Q'. 

d k2 d k  

(hibus conibinatis aequationibus , olhnetur : 

unde iii tcgratione factn : 

fl Constans C a Cl. Legendre e casa speciali inventa est = T ,  unde iani 

1 -- x (ab1-a'b) 
d Q' d Q 4 - 

d k  Q ' ~ L - - ~ ( - =  , sive 
k (1 - k2) 

1 

Q' 
---*(a bl-alb)dk 

2 - d - -  
: Q k(l-k??jq-. 

Similiter designante A aliuni fiIoduluni qiieiiilibct , erit posito os A -4- # A' = L, 

Sit X RIodulus in quem k 

porro 0 = K ,  O) = Kr ,  

1 
- x ( o ~ p ' - d p ) < I ~  

- - 2 -. 
X(1-A2)LL 

per traiisforn:atioiieiii primaiii ilti oril inis transloriiiatur ; sit 

L = A ,  JJ'=hf; erit: 

*) Cf. Legendre Traité des F. E. Tom. 1. Cap. XI11. 
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u d e  iam: Iuveiiimus autem pro ea transformatione A = - 
u M  ' 

A' 1 K' -- K - In transforniatione secunda vidimus esse A - Ir; , A,=- uiide: 
4 II BI, 

Generaliter autem, quicunyue sit Modulus i., sive realis sive iniagiiiarius, in queni per 

transformationeni ilti ordinis transformari potest Modulus propositus k ,  valebit aequatio : 

Quod ut  prohetur , ndnotabo generaliter oltiueri aequationes forniae : 

a K + i b K f  
u A + i p A r =  

n BI 

designaiitilw a ,  a', a ,  oc' nunieros imparcs , b , l;, 0, @' nunieros pares, utrosque positives 
vel negativos eiusmocli, .ut sit a a' + 1 b' = 1, or d + R R' = 1 *). Hhic posito : 

a K + i b K ' = Q .  a ' K 1 + i b ' K = Q '  

m A + i p A 1 = L ,  œ ' A ' + ' i p ' ~ =  LI, 

*) Accuratior numerorum a,  a', b, b' cet. cet. deterniinatio pro singulii eiusdcm ordinir tranrformatiunibur gra- 

vibus laborare difficultatibus videtur. Imrno baec determinatio, nid egregie fallimur. n~axinia a lirnitibur pen- 

det. inter quos hIodulus k versatur, ita ut pro limitibus diversis plane alia evadat. Id quod quam iniricatam 

reddat quaestionem , expertus cognoscet. Ante oninia autem accuratiui in naturam Modulorurn imaginariarum 

iaquirendum esce videiur, quae adbiic iota iacet quaestio. 

IC 2 

IRIS - LILLIAD - Université Lille 1 



Q' L' LA=- geueraliter fit: unde cuni sit : - = - L '  Q nM ' 

Adnotalo atlhuc, aeyuationem inventani ita p o q u e  exhiberi posse : 

uiide videmus, expressionern M PI  non niutari, uLi loco k , X Conil~lementa pouuiitur kt, A', 

sive quod supra clenionstravimus, transformatioiiibuu cornplemeritariis, signi ratione non 

hahita, eundeni esse multiplicatorern M. Porro niutando k in 1, 1 iu k ,  quo facto trans- 

fermatio in  supplenieli tariam abit , niutatur 31 l\f i n  

1 k(1-k2)dA -. - 1 1 - sive M in - 
n A(1-h2)dk n n M M  ' n M  ' 

quod et ipsum supra probatuni est. 

Posito Q = al< -t- b Ir, L = a A + BA': Constantes a ,  h ,  a ,  fi  ita serilper deter- 

minare licet , ut sit L = - , sive () = ML. Porro h a b n t u r  aequationes : M 

quas etiani huiic in moiluni repraesentare licet: 

' Substituanius in aequatione : 
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Q ;= FIL , prodit : 

qua per M multiplicata, oltinenius : 

At e $" antecedente fit: 

Porro ex aequatione 4) fit: 

(k-k3)M2dL -- (A-A3)dL 

d 
d k  d A AL d A = d --. 
dk ndk- - n d k  

Hiuc aequatio 6) divisa per L in hanc &it: 

dM AdA + (1-Sk') - - k ~ }  + - = O .  
d k  n d k  

(A-A')dL U l i  iu liac aequatione valor ipsius M ex  aequatione M2 r n(k-k3)dA sul,stituitur, oh- 

tiuetur aequatio differentialis inter ipsos niodulos k ,  1, quam facile patet ad ordineni ter- 

tium ascendere. Facto calculo paullo molesto invenitur : 

Sd2AZ 2 d A  d3A 
7) ---.- 

d k* dk dk' 

Ili hac aequatione d k ut differentiale conastans consideratuni est. Quam uLi iu aliam t m s -  

forniare placet, i u  qua differentiûle nullurn constans positum est, pouendum mit: 

-=-- -- 
dk3 dk3 d k* dk* + dk' 
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Hiirç aequatio 7) ni~ilti~licata per d k6 in seyuenteni Ait, in qua clifferentiale niilluni 

constans posihim est, vel in. qua ut tale, yuodcunque placet, considerari potest : 

1 + k 2 '  1+A1 ' 
dk'd1A2-dA1d'k2 + dk9dA" ( 3  d k S -  (A-A3)dh'}ro' - 

Hanc patet, eltmeritis k et X inter se commutatis, immutatam manere aequatiosem, id 
p o d  snpra de AequatioiiiLus RlodularilJus prolavimus. 

Operac pretiuiii est, alia adhuc niethodo aeyuationeiii illani cliffereiitialem tertii 

ordiniri investigare. Quem in fineni introducanius iii aequationem , unde proficiscin~u~ : 

yuaiititatem (k - k3) Q Q s s .Fit 

Qua iu  aequatione uLi pouitur : 

dl Q (k-k')- = k Q  - (1-3k')- 
al k2 :: . prodit 

d2 s d Q d Q  2 - = - 4 k Q Q  + L(1-3k1) Q - + o p - r ) ( - )  
d k2 dk d k  

(1-9k2) Q + 

Qua aequatione ducta in 2 s = 2 (k -k3) Q Q, obtinetur : 

2s dzs d Q  - = P(k-k%) Q - ( ) ( l - - ! ? k ? ~ ~  + ~ ( k - k ~ ) ~ ~ }  - 8 k a ( l - k y p ,  
d k2 dk dk  

sive cum sit: 
d Q  d s  

t (k-k3) Q - 3 - - (1-3ky)QQ 
d k  dk 

d Q  dr  
2 ( 1 - 3 k ? Q Q  + S & - k 3 Q  -= - + (1-Sk"Q-Q, 

d h  d k  

obtinenius : 

2 s d 2 s  d s  ' - = (x) - (1-3k2)'Q4 -8k2(t -k*)Q* Z= - 
d k2 (:if- ( l - t - i ' ) ' ~ ~ ,  reo 

2 s d 2 s  
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Q' d t  m  m Iau vero posito a'K + b' IL' = Q', - - - t, vidimus esse = k7 -- Q 
- 

s ' 
indic 

designante ni Constantem; unde s - - . Aequationeni 9 )  in aliam traiisfornieiiius, 
d t 

d  s mdzk d2s  md3k  m  dl k2 
in yua d t  coristans positum est. Erit = - - - - - - - quiLiis d t d k  ' dkZ - dtdka d t d k 3  ' 
sul~stitutis ex aequatione 9) prodit: 

9 d 3 k  - 9d2k' --- 1+k2 dk' - - = O, sive 
dt'dk d t2dLa+(k-k3)  dt' 

i + k 9  = 
10) f d ~ k d ~ - 3 d ~ k ' + ( ~ ) d k * = O ;  

ubi secunduni t , quod ex aequatione evasit, cliffereiitiaiid~im est. 

E' A +' p' A' 
Pouendo a A +  f i - - w ,  Constantes a, B,  e', g, quoties A est Modulus trans- 

formatus, ita determinari po terunt , ut sit t = u ; nec uon simili niodo oltinemus : 

in qua aequatione et ipsa secunduni a, = t differentiandun~ erit. Jlultiplicetur aequatio 

10) per d A*, aequatio 11) per d k2 : subtractionc! facta obtiiietui.: 

At haec aequatio cuni aequatione 8) convenit, in qua scinius, differeutiale. c~uodcuiique 

placeat tamqnam coiistans considerari posse, ideoyue etsi inventa sit suppositione facia, 

d t esse differentiale constaiis , valelit etiam , y uoclcunque aliud ut tale coiisideratur. 

Ecce igitur aequationem differeiitialem tertii ordiiiis, yuae innumeras baljet solu- 
/ 

tiones algebraicas, particulares tamen, viz. Acquationes p a s  dixinius 1\Iodulares. At Iu- 
a'K + h'K' 

tegrale completum a functionilus ellipticis pendet; quippe quod est t = r, sive a 
+ ,, k, - 'A + , yuam ita etiani repracsentare licet aequationern : - acA+pA'  

desigiiantibus m , m', m", ni" Constantes Arbitrarias. Quani integatioiiem altissinine irz- 

daginis esse ceusemus. 
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Iqukere possemus, au Aequationes Modulares pro transformationibus t.ertii et 

quinti reapse, p o d  delent, aequationi nostrae differentiali tertii ordinis satis- 

faciant. Quod vero cum niniis prolixos calculos siLi poscere videatur, idem de transfor- 
1-k' 

niatioiie secundi ordinis, ubi À = - 
l+k '  ' demoustrare sufficiat. 

Consideretur d k' ut constans, fit : 

Hiiic fit:  
d k2 d 2  A L  -d A' dl  k1 16 k' k' 4 

S { ~ ~ ~ ~ Q * ' - ~ A V Z L ' )  - P d ~ a ~ ( d k ~ ~ ~ - d ~ d 3 k J  la(py2-1) 
uiide -=: 

d Ir'" kn(1 +k34 ' 

Porro fit 
i + ~ ~ * a t ~  (1+k3= (-) k- k3 di?i = -- kr k" 

uiide : 
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Hinc tandem fit, quod clebet : 

C'Li methodi expeditae in pronitu essent, si quas aequatio differerrtialis solutiones alge- 

Lraicas habet , eas eruendi omnes : e nola aequatiorie dilferetitiah a not~is proposita Aequn- 

tiones R'hdulares, qiiae singulos transforniationum ordines spectant, eiicere possemus onines. 

(,hani tamen tnateriern arduam qui attigerit , praeter Ci. Condorcet, .wio neminem , atteir- 

tione Analystaruni clignam. 

Aequatio supra inventa : 

cuius ope ex  Aecjuatione Modulari inventa statirn etiatii quantitateni RI determiinare licet, 
f 

cligna esse videtur , cui adhuc paulisper imnioreniur. Non patet primo aspectu , cjiiomodo 

valores quantitatis M in transformationilus tertii et quinti ordinis inventi curn aecliiatioiie 

illa çonveniant. Oued igitur accuratius examirienius. 

- 
a) In trausforrnatione t er t i i  ordinis , posito u = ;rl< , v = *fi invei>inuia : 

1) u*-v* + 2uv(1-u2v2) = O ,  

'i 
quam ita exhibuinius .aequationeni 5. i G : 

Porro fieri vidimus : 

DifFerentiata aecjuatione 1) obtinemus : 
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( V + ~ ~ U ~ )  (2~:-u). sive loco 3 posiio - - . 

Qua aeyuatioiie ducta in 

quaru his etiam inodis exhihimus aequntioiieoi $8. i d .  30: 

Porro inveiiimus : 
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- 83 - 
Differentiata aeyuatione 3), ohiiiemus : , 

6 u v ( 1 - ~ ~ ) ( l - ~ ~ ) ( ~ d u - ~ d v )  = 

sive : 

Aequatione 1) ducta in uq, v: eruitur: 

5ua-u'O + v'-5uRv' = (1-u'v3(vD + 5u2 +4u5v) 

5vZ-y10 + ua-5uZvR = (1-u+v')(u2+5v2 - 4 u  +), 

uiide aequatio 5) in hanc abit: 

Poiiatur u + v S = A ,  u + u 4 v = E ,  v-uL=C,  V - u v 4 = D ,  ita ut: 

erit : 

Fit enini : 
u B + v C  = v D + u A  = u u  + v v .  - 

Unde etiani: 

1 v(1-v") du M M  =- 1 ( A )  d k  
. -=A.  -. 

5 ' u(1-II? dv 5 k(1-kk) ' d A  

IRIS - LILLIAD - Université Lille 1 



THEORIA EVOLUTIONIS FUNCTIONUM ELLIPTICARUM. 

DE E V O L U T I O N E  F U N C T I O N U M  ELLIPTICBRUN I N  P R O D U C T ~  

 INFINI^^. 

Propsi to  Modulo k reali, unitate niinore, videmus Modulum 

2K 4 K  
sin coam - . sin toam - . . sin coam 

n n n 

in (iuem ille per transforniationem primam nt' ordinis niiitatur, crescente numero n ,  ce- 

lerrinie ad iiihilum coiivergere; adeoque pro limite n = CO, fieri A = O. Tum erit 
li K K' 

A = p, am(u,  A) = u ,  unde e forniulis A = A'= - M ' obtinemus : 

U 
Ponanius iam in formulis pro transforniatione primae supplementaria 8.  26 loco u, 

kti kd 
o = m :  abhani (+ ,  ~) inani ( -&,  A)==, y+=sinarn($- ,   insi sin=; l~orro 

am (nu) in am (u) . Hinc e formulis illis nanciscimur sequentes : 

Y Y  Y Y  
i*. ) ( l -  

sin2. - sin2. - sin'. - 
* K Y  sinam u = -. K  K 

TT YP i r k C ) ( '  Y Y  i K O ) (  Y  5 i 7 r K ' ) " '  Y 

sin2. - ( 2. sin" -- 2K 2 K 
sin'. -- 

Y Y  Y Y  il- i x ~ '  ) ( '  i n  ) 3 i n ~ '  
cos2. - cos-, - cos2. - 

cos am u = K K K 

Y Y  i . K 1 ) ( ' -  Y Y  K 5i.K' 
sinz . - sin2. - 

2K 2 K  sin2. " )  - 2 K 
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/ 1-k sin an1 u - - 

\ l+k sin am u 

Y Y Y 
3 i x h '  

cos . - cos . - cos .  - 
K K K 

Y Y Y (" cos . - )(" C O S .  2; -Kt - )(" 3 i ~ K '  - ' . 
K 

COS . - 
K K 1 

Y Y 
i n 1 ) (  i )  5;-K' 

C O S .  - ('- '-- '2K cos . - 2 K  PK 
COS . -- 

Y i n K ) ( "  3 i n K n ) ( "  Y 5 i . K '  J 

COS . - CO3 -- COS. - 
2K 2 K 

i nK' 3i-I i '  5 i x K '  
cos . - cos. - 

2K 2 K  9 K  
s ~ n  am u = - - kK inK' 

+S.+--p i zK' Si xK' 
y y  s i n e . - -  y y sin':. - - Y Y  

+ ..) 
2 K  2K 

. inK' 3 ixK'  5irrK' 
sin . - sin . - sin . - ;,fG= 2 K  - 2 K  2K 

COS am u = +---.. kK i ?rK' Sinic '  5 inK'  sin'. - - y y  sin2. -- 
2 K  

y y sin?. - - 
2K eK " Y  

Y Y 4 qT " sin x2 1 - 2 q 2 " c o s 2 ~ +  q k m  
1 - m i r K '  = l+ (1-n'")' = (1 - q' *)' 

sin'. - K 
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J J - - i + 2 q 2 m c o s 2 x  + q4" 4 q1 sin x2 
1 - - 1 -  - 

ininK1 
cos2. - (1 + u2")' (1 + q' 

K 

5 2qmsin x - I f  2qmsinx+qZm = 1 * 
l + q ? m  

- ' *  min^' 1+qTrn 
C O S .  - 

K 

. . mixK' 
1. sin . - 

R - 2 q " ( l - q = 9  - . - minKn 1 -2qZmcos2x+  q+m ' 
s ~ n - .  - - 

K Y Y  

Bis praepwatis, atque posito hrevitatis causa: 

p d e u n t  F~ii~tionum Ellipticarwm evolutiones in Producta Infinita fuiidamentales: 

~ K X  2 A K  . (l-2q~os2x+q4)(1-2q~cos2a+qR)(1-2q~cos2x+q~') . . 
1) sin am - = - sin s . - 

x n (1-2qcos2x+q2) (1 -2qzc~s2x+q6) (1 -2qScos2n+q'~ )  . . 
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'ec ilon aliud for~uularuh systema, yuod resolutionem propositaruril in  fractioues Gnr- 

Quilus addimus ex eoderu fonte nianantes: 

In formula postrema sigpuni superins eligenduni est, cliioties in terriiiiio negativo , inferiu5 

quoties in termino positivo eomputationeni sistis. 

Coiitemplemur formulas 1) - s), iu quibus ante onmia quantitatum, (pas  per A, 
X B, C designavimuv vûlores erueiidi sunt. Facile quitlem iiivciiitur pnendo s = - e 
2 ' 

formulis 3) , 1) : 

uurle B = ~ $ P A K  
% 

. At ut ipsius A eruatur valor, ad alia artificia confugieiiduiu est. 

i liK' 4Kx. Ponamus e lx = U : uhi x in x + - mutatar, abit U i n  GU, siil am - in 
SK X 

sin am ( !  + ig) = 1 

2 K r  ' 
k sin am - 

X 
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E forniula 1) autem oliiiiemus: 

1 {(l -qiu') (1-q"~ . . ]f(l-q~-1)(1-q3u-2). . j  
2Kx 

ksinam- - 

quibus in  se ductis aecjuatio~iilius , cium sit : 

2Kx ( 1 + 2 q ~ o ~ 2 ~ + q ~ ) ( l + 2 q ~ ~ o ~ 2 x + q ~ ) ( l + 2 q ~ ~ 0 ~ 2 ~ + q ~ ~ )  . . 
A ani - = $kÏ . 

% (1-2qc0~2x+q~)(L-2q"eos2x+q~)(l-2q'cosPx+q'~) : . . ' 

Aeyuntionibus iii se ductis : 
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Jan1 vero secuncluni Eiderrsm in Introd. (de Partitiohe hTun~erorum) est : 

unde oltinemus : 

Advocata formula : 

fit: 

Quibus adderc licet , quae facile sequiintur , formiilas : 

E quibus etianl colligitur : 
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Vidimus supra, ubi de proprietatihus at:quatioliuni Modulariun: actuni est, niu- 

1 
tato k in -, ahire I< in k (K -+ i IL') , IL' ili k K' ; porro fmi : 

k 

i k' 
, i m a m  (k i l ,  T) = cos coam (u, k') 

1 
A am (u, k') ' 

1 ik 
Conimutatis inter se k et k: hiuc sequitur, uhi k' in seu k in abeat, sinid ahire 

K in k' I< , IC' in k' (IC -+ i IC) ; porro fieri : 

sin am (. *, $) = cos coam u 

. i k  
cos am (. ., T) = sin coam u 

i k  1 

A a m u  ' 

unde etiani 
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At niutato I< in k' K, IL' in k'(IS + i IL), ahit (1 = e K .  
1" - Y ,  uiide vice versâ fluit 

. . 
Mutato q in - y abit: 

K i n  k r K ,  K' in  k ' ( ~ ' + i K )  

2Kr 
sin am - 2K.x 

in cos coam - 
5-c n 

2 Kr 2Kx 
COS am - in sin coam - 

2 K x  !ZKx 
sin am - in cos am - 

X X 

2 K x  2Kx 
cos am - in sin am - 

Tr X 

Iiiyuiranius adliuc, quasiiam Functioiies Ellipticae, niutato y vel iu qZ vel in 

SU, subeant mutationes. 

Vidimus supra, Modulum 1, per transforniationeiii realern priniarn nt' ordinis a 

&Iodulo k derivatum, ea insigni gaurlere facultate, ut sit: 

uncle niutato k ~ I I  A ,  allit y = e 
K in y". Idem , a nobis de trausfor~iiatioiiit 
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i n i p r i s  ordinis geueraliter probatuni, iam duduni a Cl. Legendre de traiisforniatione se- 
l-k' 

cuiidi ordinis prol~atuni est, videlicet p s i t o  = - 
l+k '  

fieri : 

1 - k' 
unde .videnius, niutato k in  - 

l+k '  
a l i r e  y in q2. Wiuc vice versâ o?~tinenms 

T H E O R E M A  11. 

1-k' l+k '  
,,RIuiato q iu q2 ahit k in - 

l+k '  ' I< in K. , !?  

iinde etiani: 

Ex inversione hiiiw tlieoreniatis obtinetur altermi 

,,Mutato q in Jq, abit k in - 2ik K in ( t + k )  K , "  l + k  ' 
iincle etiani : 

Quae tria theoreniata evolutionibus $9. 3 5. 3 6 propositis multinioilis confirinaiikur , suam- 

que in  sequentihus frequentissin~an~ iuveniunt applicationeni. Quippe quoruni ope vel 

ex aliis alias clerivare licet formulas, vel aliunde inventae conimode confirmant~ir. 
iR 
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()uaiititates, iu yuas posito q"' loco y abeuut k ,  k', IL, designenius per k""', k'"", 
K'ln), ita ut k'"' sit Modulus per traiisforniationem realem prinlanl nt' ordinis erutus, eius- 

que complenientum kt"". Poliamus in aeyuatioiie : 

loco y successive q2, q4, qR , q16 ) cet. > prodit facta niultiplicatione infini ta : 

Cum sit k("- fit 1) : - l + k f '  

unde divisioue facta per 1): 

(luae etiani eo obtiuetur forniula, quod sii: 
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fit: 

ideoque : 

seu designante p limitem communem, ad queni m'", n'P' coiiverguiit , crescente n in 

Quae abunde nota sunt 

Ponanius rursiis in formida : 

Ski- (1+2qcos2x+q2) ( 1 + 4 q 3 ~ ~ ~ 2 x + q ~ ) ( 1 + 2 q 5 ~ o ~ 2 x + q ' ~ )  . . . - 
(1-2'~cos2x+q2)(1-2q3~~~2x+q~)(l-2q~cos2x+q~0) . . . 
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loco q successive y', y", y" cet. ; sit porro : 

Facto producto inhido,  cuni sit : 

Iani ver0 e formulis: 

2 K x  
sin am - - - 

a 

2 K x  
tang am - = 

n 

1 tang. x(1-2q1cos2x+q4) (l-2q4cos2x+qR) ( 1 - 2 q h ~ ~ ~ 2 ~ + q 1 2 )  . . . 
O' ( l+2q2c0s2x+q4)  (1+2q4cos2x+qR)(1+2qficos2x+q11) . . . 

uide prodit formula memorabilis : 

4) tang x = 
2 K  

Ut eaiideni per forniulas notas demonstremus, 'advocemus foriiiuIam pro traiisforiiiatio11" 

secundi ordinis , qualem Cl- Gams exhilmit in Comnientatioiie inscripta : ,, ~ e t e r r n i n n t i o  a 

Attractionis" cet. : 

(1 + k(2)) sin am (- , 
2 K x  a 

sin am - = 
7c 

1 + k'l) sin2 am 
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quae brevitatis causa posito : 

ita exhihetur : 

Formula postrema ita yuoyue repraesentari potest: 

Iani limes expressionis 
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crescente p i n  iiifinitum, fit 

n 
tum enim fit k"' = O ,  = - , am (u, k) 3 U; unde iani facto producto infinito 

et posito, ut supra, S = A(') A(" A"' . . . , prodit: 

quae est fornida denio4mtranda. 

E forniula : 

Algorithnius non inelegans peti potest ;id cornyutanda Iiitegralia Eliiptica primae speciei 

indefinita ; idque ope for~pulae, prohtu facilis : 

Quem in fiiiem proponinius 

Posito 

f'ormentur expressiones : 

-ni'+n' - A'' = - m ,fm = 
2 ni + A' 

Al 
m ni"' (A" + n") 

1x1" +n" - 
,mm = n  

9 m" +A" 
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designante liniitern conimurieai , ad queni quantitates ni'", A ' ~ '  9 n"" cresceiite p ra- 

pidissime converguut, erit : 

A' A" A'" . . . 
tang p Q = ---.- . tang Q . 

mtn'm". .. 
Iisdeni niethodis, quil)us in antecedentibus usi sumus , inveiiitur etiam valor 

producti infiniti 

Quem iu fiiiem allegamus formulas S.  36, 41, 5) : 

quaruni posterior e priori nascitur loco q yosito successive q2, q4, qB cet. et facto pro- 

ducto infinito , unile obtiuen~us : 

Iam ver0 eruinius 1): 

Quae licet aliena videri possint ab institut0 nostro , cum nec elegatitia careaut , et 

magliopere faciant ad perspiciendam iiaturam evolutionum propositarum , opposuisse 

iuvat. 
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E V O L U T I O  FUNCTIONUïlI  ELLIPTICARUX I N  SERIES 

SECUNDCJM SINUS V E L  C O S I N U S  IUULTIPLORUM A R G U M E N T 1  

P R O G R E D I E N T E S .  

E K i  (1-2q'~0s2x+q~)(L-9~~cor2x+~~(l-4~~~0sPx+q~~) . . . 
1) sin am - e 

n< 
8" sinx. -  

Jr;- ( ~ - ~ q c o s ~ x + q l ~ ( i - ~ q ' c o s ~ x + q R ) ( ~ - ~ q S ~ ~ s ~ x + q ' o )  . . . 
2Kx aTTf i  

2) cosam - - cos x . ( i + e ~ 7 ~ ~ s e x + q ~ ( ~ + ~ q ~ c o s ~ x + q L ) ( ~ + ~ q n c o s 2 x + q ~ ~  . . . 
n - Jk (1-2qcos2x+q')(1-fq3c~s2x+yn)(1-8q'cos2x+q1") . . . 

logarithmis singuloruiii factoruru in altera aequationunr parte evolutis, post reduciiones 

ol~vias, sequuntur hae: 

P K x  P q c o s O x  4qzcos4x Pq3eos6x 
6) log sin am - = + f(i+s3 + 30+sY 

+... 
X 

2 K x  - 8) log A am - - 
n 
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- 

J 
4 K x  

l-ksinam- 
10) log 

=. 4 s  4 G s i n ~ x  4 f i s i n 5 x  --= - - 
2 K x  

. .. 
l+ksinam - 1-q 

S(l-q? + 5(1-qS) 
% 

QuiLus formulis differentiûtis , ubi adnotamus f'ormulas differentialcs prohatu faciles : 
- 

4 K x  2 K x  
d . log sin am - COS am - 

x n' -- 2k'K --. 
d x x 2 K x  

COS coam - 
T 

X 

2Kx 2 K x  
d.logoosam- 

4K 
sin am - 

% - d - 2K 
- - . - - = - . t g  

d x x 2 K x  x 
sincoam - 

X 

2Kx 
d . log A am - 

X -- - 2 kZK 2Kx . 2Kx - - . sin am s i n  coam - 
d x n ?r rl 

J 
-- 

P K x  
i+sinam - 

7r 
d .log 

2 K x  
1 -sin am - 

- 2 K 1 
d x II 2 K x  

sin coam - 
X 

sin coam 

eruimus secluentes : 

2k'K 
cos am - 

* - 4q sin2x 11) - . - cotgx - - 4 q%in 4 x  4q3sin6x - 
9r 9 K x  l + q  1+q2 l + q 3  -.. 

COS coam - 

sin coam - - 1 . 1  

% 

Lk'K . PKx P K x  8qsin2x 8 q3 sin 6x 8qSsin 10x 
19) - . sin am - sin coam - = + x 9r n 1-q* 1- qn + l -qm + - .  
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OK 1 Aqcosx 4q3cosSx. 4qscos5x 
IO)'----= - + - 

+ 1-q5 
-.r 

~ K X  COSI 1-q 1-q3 
n sin coam - 

II 

X Ulii in  llis forniulis loco x ponitur ?--- x, eriitur : 

2Kx 
&klK 

COS coam - 
TI - 4q$n2x 4 sin 4 x  4q3sin6x 

16) - . - t g x  - - 
n 2 K x  l + q  + l+q' l + q 3  + - .  

COS am - 
'ii 

sin coam - 
n 4qsinSx 4qasin4x + 4q3sin6x 17) -. = cotgx + - - . .  

n 2 K X  1-(1 1 + S' 1-q3 
sin am - 

2K 1 4qsinx - = - + 4q3 sin9x + 4 q'sin 5x 
ZKx sin x + i -q3 1-qb + . -  

x sin am - 1-0 

'ir Forniula 15)  ponendo - x loco x imniutata manet. 

Mutaido q in - q e theoreniate 1. 5. 37 forniulae I 1) , 1.2) ii i  t t ) ,  1 6 )  al)- 

eunt; 13) inimutata nianet; e forniuh l 4 ) ,  15),  l a ) ,  19) o1,tiiieiiius: 

Ok'K 1 4 q c o s i  
20) -- - '+ 4 q'costx 4q5ces5x - - - 

OKX MI I l +n  1 - ~ 3  14-q' + . 
n cos ant - 

.n 

Pk'K 
soj - 1 4q sinx 4q3sin3x 4 q%in 5 x - - - - - . -  

ZKx sin x l + ( r  l + q 3  i +q5 
% cos coam - 
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Formulae 19), 21) per evolutiones siotas e x  iis eliam facile derivari possutit, 

yuas supra attulimus $. 55. 6 ) ,  7 )  : 

E formula 9) S. 55  : 

seyuitur ad huc : 

Eandem enim pro signi ambigui ratione iia repraesentare licet: 

siquidem Lrevitatis causa t = tg x . Fit autem : 

Arc tg . ( l + q ) t  - x = Aretg.  
1-1 

q"n2x 
Arc tg . 2q'-} = Arclg. 

l + t t  - q(1-tt) 
1, 

l-qcosPx j 

SKx 
unile am - - - 

% 

qsin4x q3sin2x q 5  sin 2 x 
x + 2.Arc tg .  - 2 Arc tg . + 4Arctg. - .  ., 

l -qcos2x 1-q3cosex 1-qscos4x 

sive cum sit : 

qsin2x q1 sin4x q3 sin 6 r' 
Arc tg. = q s i n . 2 ~  + 

4 + 
+ .., 

1-qcosPx 
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quae est formula 24). 

- 103 - 
E cuius dserentiatione prodit: 

d unde etiam, posito - y loco q seu - - e x loco x: 

E formulis yropositis, pouendo x = O vel aliis modis facile eruuntur sequentes: 

2K 
5) log - = 

Tr 
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Formulas 4) - 13) duplici modo repraesentnvimus; facile auteni repraesentatio altera ex 

altera sequitur, uhi singuli denominatores in seriem evoIvuntur. Adnotetuus adhuc, se- 

cuiidum theoremala $. 37 proposita e duabus ex  earum numero ,. bta et BVa, derivari pose 

oumes. Pouendo enim 6 loco q, c m <  aLeat IC in (1 + k) K ,  subtrahendo e formula 4) 

yrodit 5); deinde ponendo - q loco y, abit K in  kff(,, unde e formulis 4),  8) pro- 

deunt 6), i 0) ; 5) iiuniutata nisnet. Poiiendo y2 Ioco y abit k'K in  &K, uude e 6), 

10) prodeunt 7), î 2). Ex 8 ) ,  1 O),  quia kk + k'k'= 1, prodit 9). Poneuclo 6 
loco q , abit k IC in 2 Jk I< , unde e 9) prodit I 3). Ponendo - q lom q , abit kKK 
in ili k'KK, unde e i S) prodit i 1). Cetemm pro ipso Modulo vel Complemento eius- 

modi series non estare videntur. 

Formulis propositis ad dignitates iysius y evolutis, olitiiiemus: 

IRIS - LILLIAD - Université Lille 1 



4KK 
ni )  - = 

il 7r 
1 + 8 q + 2 4 q a + 5 2 q 3 + 2 4 q 4 + 4 8 q S + 9 6 q R  +64q7+24qR+.  , . 

4 k k K K  - 22) --- - 16g-+ Mq3 +96qs+ 128q7+108qv+ 192q11+ e24p . 
n% 

Quaruni serierum lex et ratio quo nielius perspiciatur, denotahimus eas signo sum- 

termino earum generali praefixo. Statuamus, p esse numerum i rn~arem,  g (P) 

Porro sit n numerus impnr , cuira factores primi omnes formnm 4 a + i halent, 4 (n) nu- 

merus factorum i p i u s  n ; l ,  ni nomeri omnes a O nsrlue ad 00 : obtinsmus : 
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Desipallie p rursus nwnierum iniparem , @ (11) sumnlani factoruni ipsius p : fit 

4 q log k = log 4J:- - 4q' - *q3 + . ., 
l + n  + PU +q7 3(1+.') 

q ~ o d  ponarnus = log 4 fi + 4 X A"' qX- Sit x ounierus imyar p = ai ni', e cluouis 

termino - qm , prodit - - q Y  , unde constat, fore A") = - - '? (PI . lani sit x 
m(1+qrn) m P 

1 numerus par = 2' p = 2 ni n i :  e :erniiiiis 

provenit 

8 @ (P) uiide A"' -, id quod forniulam propositam suppetlitat. 
8 ' ~  
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107 - 
Demonstremus formulam 50).  Invcninins 4) : 

Sit B"' numerus factomm ipsius x, qui foi-niam 4ni+ 1 hahent, C"' numerus factoruni, 
1 qui forniim 4 m + 3 habent , facile patet, fore A'"' - 5'"' - C'"'. Sit x = 2 nn', ita 

ut n sit numerus iiiipar, cuius factores primi onines formam 4 m+ 1, n' numerus impar, 

caius factores prim? omnes formam 4 ni - i haLent , facile prolatur, iiisi sit ii numerus 

quadratus, semper fore E'%' - C'"' - - O ,  ubi vero II' est numerus quadratus, fore B'" 
- c'x '  - - ~ ( w  - - 4 (n) , formula 3 O )  fluit. 

Designante x numerum inipareiii, facile patet, fore A'"' = Q (x) ; nbi ver0 x iiumerus par 
- -2 '  y ,  designante p nunieruni impareni , quoties in factor ipsius -p , e terniinis 

m q" 2mqz" 4rnq4" 8mqn" 
8{ -+-+T+a_+-+ . .+  1-9" l+qZin l+qR" 

1+q2 " 
prodit 8niqX(1 - 2 - 4  - $ - . . - 2'-'+ 2')=2411i~", uiide eo c a s u ~ ' ~ ' =  3Q(p), 

id quoi  formukm pi-opoaitam suggerii. Reliquae siniiliter dernoustrantur vel ex his de- 

duci possunt. 

2 K x  2Kx 
Expressiones cos ani 7 , Aani- 

1 
% p ~ K X  ad dignitates 

COS am - 
1 

lutas, Coëfficientem ipsius x2 nanciscimur resp. - -(Fr, a 

unde e formulis antecedentis e l ) ,  2@), 24) prodire videmus sequentes : 

ipsius x evo- 
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Ex his posito - q loco q obtinemus: 

Formulis 42), 4 4) additis, obtinemus (Gy; 40)  et 43), 4 1 )  et 45) sulrluctis ol,tinemus 
i8* 

2 k K  2 k f K  
e quibus p o d o  resp. Y;;, q2 loco q prodit 

(e)' posito - q loco q ohtinetur ( 4 J p y ,  

Sub fineni, posito k = sin 9, evolvamus ipsum 9 = Arc. sin k . Viclinius, po- 

1 - k  i k  
sito J;I loco y abire k' in - l + k  ' ponamus rursus - IOCO (1 ,  abit k in -, sive i u  

kt 

- log k' 
i . taug 4 ; ita ut posito i G l o c o  q , expressio mutetur in 

1 - i tang 4 - -log ) = 4.  
2 i 1 + i tapg 4 

Hinc e formula 2) 

eruimus : 

quae in hanc facile transformatur : 

47) - = A r c i g & - A r c t g & + A r e i g & -  4 A r c t g f i + - . . ,  

quae inter formulas elegantissirnas censeri debet. 
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Aequationem supra exhibitam : 

in se ipsam ducanlus. Loco 2 sin ni x sin n x ubique substituto cos (ni - n) x - cos 

(ni+ ii j x , factum induit formam : 

Invenitur : 

Porro fit: 

siquidem poiiitur : . 

qn +l qn+3 q" t' 
Bi", = - 

(1-e)(l-sa"+') + (1-q3)(i-s'"+7 + (I,qs)(1-q211+5) 
+ cet. in in{'. 

Iam cum sit: 

sive sublatis , qui se destruunt , terminis : 
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Porro fit : 

Hioc tandem prodit : 

unde iam: 

Simili niodo vel ex i )  invenitur z 

2Kx qcos2x  2q2cos4x Sqf cos Gr 
c o j a m  - = 8 + 8(  + 1-qfi X 1 - q2 + 1-q' 

E noto C a l d i  Integrdis theoreniate fit, yuoties 

@n = A +  ~ ' c o s 2 x + A " c o s 4 x +  A1"cos6x+.  ., 
terminus primus seu constans : 

w 

unde nanciscimur hoc l o c ~ :  
?r 
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Ill - 
Podamus cuni CL Legendre 

erit : 

Hinc etiam, cuni mutato q in - y, aheat A in - B ,  I< in k'K, sequitur simul ahire 

Ailnoten~us adhuc e forniula 1) sequi: 

unde etiaru niutato q in - (1 : 

Subtracta forniula 4) a 3), prodit: , 

queni etiani e 3), mutato q in q2, obtines. 
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Methodo simili atque forniula 1) inventa est, In expressionem 

in seriem evolveudam iquirere possenius, siquideni forniula 18) 5. 39 irr se ipsam du- 

catur. Id cjuod tanien facilius e x  i p a  1) absolvitur consideratione seyuente. 

Etenini formula : 

2 K r  2 K x  2 K x  
d : log sin am - 

OK 
1-(l+kk)sinaam- + k k sineam - 

- a .x --. 
d x ~r 2 K x  

sin am - 
Ir 

iterum differentiata , factis reductionibus , obtinenius : 

2 K x  
d2 . log sin am - 

II 2K ? (  2Kx 1 
1) --= -i 

d xZ ( fl ) ~ I c k ~ i n ~ ~ r n -  a - . ,  ~ K X  j 
1 

sin' am - 
lani vero invenimus 5. 39, 6): 

È K ~  
dz log sin am - 

* - 1 q c o s ~ x  sq'cos4x Sq3cos6x ---- - I 
d x2 sin2 x + 1+qz + l + q 3  

+..,. 

Yorro est 5. 4 1, 1) : 
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unde cunl e formula 1) sit: 

(f )' 2Kx 
2 k K  2 K x  

d2 log sin am - 
7r - = (?) sina am - - - 

2 K x  z d x2 
sina am - 

?î 

provenit , yuoc1 quaerimus : 

n E = Mutatis siniul y in - q et x in - - x ,  onde IC in k' K ,  E' i~ 5 .  41, 2 
2Kx 2 K x  

sin an1 - in cos am - 
51 

d i t ,  e 2 )  prodit: 
n- 

His adiungo, quae facile e S. 4 1. 1) sequuiitur, liasce : 

ZKx 2K 2 ~ '  ( qcos2x 2q2coe4x  Sq3cos6x  .- 
n- X + y ~ - q '  + 1-qY + 1-qe + .) 

4Kx Posito $ = sin an1 - 
n '  

cf ( i  -j y) ( i  - kZs j) = R, f i t :  
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cet. cet. , 

4 Kx 
y = sin am - = - - - 3  

II 71 

ideoque : 

qua formula cornparata cuni 2), eruitur : 

sive : 

Porro fit: 

sive cum sit: 15 = 2 .  2'- 1 : 

De hac forniula detrahatur sequens 5. 41. 3) : 
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fit resi(1uum : 

unde etiatn, mutato q in - q : 

quae di€ficiliores intlagatu erant formulae. Qiias si iis iungis, quas supra inveninlu.;, 
2 K  2 L K  

iam quatuor primas dipi ta tes  ipsorum - - in series saiis concinnas evoliitos 
% '  7r 

liaLes. 

F O R M U L A E  G E N E R A L E S  P R O  F U N C T I O M I B U S  

~ K x  
sin" am - 1 

T *  n K x  
sin" am - 

7r 

I N  S E R I E S  E V O L V E N D I S ,  SECUNDU11  S I N U S  VEL C O S I N U S  

i iIULTIPLOnU1)I I P S I U S  x I ' R O G R E D I E N T E S .  

Iiiventis evolutionil~us functionuni : 

Z K x  2 K x  1 
sin am - , sin2 am - . 1 

it sr 2 K x  * -- 
sin am - 4 F i x  ' 

sin' am - 
7r n 

iani quaestio se offert de evolutiodms altioruni dignitatum ipsius 

. fZKx 1 
sin a m  -, -- 

7 r  2 K x  
sin am - 

n 

perageiidis. Facilis quidem in Trigoiiometria Analytica via constat, qua, evolutioiie in- 

venta ipsoruni sin x , cos x , progrcdi possis ad evolutioneni expressionum sin" x , cosn x ; 

niniirum id succedit formularun~ notarum ope, yuibus s innx ,  cobnx per sinus vel cosi- 

nus niultiploram ipsius x liiieariter eshilentur. A t  in  theoria Functioiinni Elliptica- 

P 2 
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runi illud deficit suhsidiuni ; ad aliud coiif~igieiidum erit ,  quod in sequeiitil~us ex- 

porienius. 

Foriiiula , yuae ex elenieiitis p t e t  : 

Posito successive n =.= 1, 3 ,  5 ,  7 . . , n = 2, 4, 6 ,  8 . . , hiiic duplex fornieiiir 

ac~quatioiiuni series : 

1. 

d2 sin am u - - ( l+kz)s inam u + Ok2sin9amu 
d uz 

dz sin' am u = 6 s i n a m u -  9 ( l+k2) s in%mu+ l2k ' s in5amu  
d u2 

d2 sin5 am u = BOsin3amu - 25(1+k3 sinsamu + 30k5in7 a m u  
d u" 

d'sin' am u = 42 sinSam u - 49(1+ Ir2) sin7am u + 56 k2sinPam u 
d u" 

cet. cet. 

II. 

d'sin2 am u = 2 - 4(l+k')sin2amu + 6 k Z s i n * a m u  
d u2 

dz sin4 am u = 12 sin' am u - 16 (1 + k2) siri*ani u + U) kz sin%am u 
d u2 

d' sinR am u = SOsin'arn n - 56(1+k3 sin%m u + 42 k'sinRamii 
d ua 

d2 sinR am u = 56sin6amu - 6 4 ( 1 + k ~ s i o R a m u  + 72k'sin'naniu 
d u2 

cet. cet. 
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Ex aequatio~iihs 1. eruis successive, yosito ï ï  n = 1 .2.3 . . il : 
i. a. 

da. sin aai u 
r i 2  . kZ sin3 an1 u = + (1 + k 3  sin am u 

d u2 

de. sinam u da. sin am u 
II4 . k4 sin5 an1 u = + 1 0 ( l + k 3  du '  + 3(5+2k'+Sk4)sinaniu 

d un 

d6.sinam u d4. sin am u cl'. sin am ia 
n 6 .  k%ia'amu = +35(L+k3-- +7(87+38ka+37k*) du2  

d u" 

+ 4 5 ( 5 + 3 k 2 + 3 k * + 5 k ~ s i n a n i u  

d u .  sin am u dR . sin an1 u + 42 (47 + 58 ka+ 47 k4) d*. s inamu I i 8 .  k8sinqamu = 
d ils 

+ 8 4 ( 1 + k 3  d u e  d u +  

+ 4 (3229+3315 ka+ 3315 kQ + 3329 kn) 
d2. sin am u 

d u' 

+ 315(35+~k2+18ke+20kh+35kn)s inair iu  

cet. cet. 

II. a. 

dl. sin2 am u 
l l 3 .  kasinnamu = + 4( l+k3s in2amu - 2 

d u2 

de. sin' am u de. sin' an1 u I i 7  . k6rinnam u = +56(1+k2)  d u +  + 1i2(7+8k'+7k4) (1' . siny aiii u 
d UR d u' 

+ 128(18+15k2+15k~+18k~)s in 'arnu - 48(24+52La+24k4) 

cet. cet. 

1 ta videnius, generali ter poni posse : 

n o n .  k ' " ~ i n " l + * ~ ~ u  = 

desigoantibus ALrn' B:' functiones ipsius k k iritegras ratioides nici ordinis, rxo~pto 
(1R.e est (11 - 2)". Porro e fornida, uode prof& sunius, geiierali : 

d' sin am u 

d u2 = n(n-l)sinn-lamu - nn(I+k2)s jnnamu + n(n+1)k'sin"+2an~u 
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patet, fore: 

4) A(") - - A("' (in- a) 
n .-, + ( 2 n - l ) 2 ( 1 + k 2 ) ~ ~ ~ L '  - (2n-B)2(2n-l)(Bn-S) k2All-, 

5) B:' = B(m> ,,-, + ( ~ n - ~ ) 9 ( l + k 2 ) B n - 1  (in-1) - (2n-!3ja(2n-2)@n-4) k ' ~ ( " - ~ '  11-2 y 

quibus in formulis, quoties m > n , p n i  dehet = O,  J3:' = 0 . 

1 
Mutato u in u i- iIi' cum sin am u alieat in ksinamn , in formulis yropositis Ioco 

1 
sin am u yoni poterit uncle proveniunt sequerites : 

ksin am u ' 
1 

d2. 
r12 siri am u 1 =-- 

sin' am u d u2 + (Li-k2' sinaniu 

- .  - - 
~ I S  sin2 arn u -- = -- 1 + 4 ( l + k 2 ) .  sin'amu - 2 sinu am u d u2 

1 1 
d* . 

r14 
d l . .  

- sin am u sin am u --- + 1O(l+k2) -- 3(3+2k2+3k*)  
sin5 ani u d u4 d u2 + sin amu 

1 
d*. 7- 

1 
dl .  

r15 sin2am u = -- sina am u + eo(r+k2) -- + 8(8+7k"884) -- 
sinh am u d II+ d u2 sinz am u 

32 (1 + k2) 
cet. 

ac generaliter : 

cet. . 

1 dl  "-2. 
1 dl 1 1 4  

1 
de". A'"' 

sin am u + A;' 
sinam u + An" 

sin am u n 

d u2n duan-2 auzn-4 + .  . + sinamu 
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2 K x  Quuni iuveiiiuoi sit antecedentilm, siquideni ponitur u = 7 expresdones 

2 K x  1 
sinl'am -, -- 

?t E K x  
sinn am - 

X 

per hasce : 

2 K x  2 K x  1 1 
sin am - , sin2 am - , -- 

w n 2 K r  ' 2 K x  
sin am - sin2 am - 

% % 

earunique differentialia , secunduni argumentuin u seu x surnta , lineariter exprin~i posse, 

iam ex harum evolutioiiibus, secundum sinus vel cosinus multiploruru ipsius x progre- 

dientil~us , illarum sponte denianant. 

Ita nancisciruur : 

e formula : 

sequentes : 
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cet. cet. ; 

II. 

e formula: 

8(8+7k2+8k4) - - ( ) Y  .Y - - a a 

- 4i2.80+7k'+8k7(~Y-23.20(l+k') 1 n q c o s 2 x  

( 2 K ) " +  q'cor4x 4.8(8+7k"+8k4) - 4 3 . 2 0 ( l + k 2 )  - 
X 1-q4 

f K  6 .  8(8+7k2+8k3 .- 6'.20(l+k') - ( . ) + 611 
q'c0'6x 

1-ph 

cet. cet. ; 
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121 - 

III. 

2K - 
x 1  4qs inx  4 q l s i n 3 x  4qSs iu5x  = - 

2 K x  siux + 1 - q  + 1-q3 + 1-q6 
+ . .  

sin am - 
X 

1  
d l .  - 

sinx 

sinx d x' + 
ZK qsinx 

l 1-q 
+ 

2K 1 1 
S(S+Pk2+9k*) (-) d2.  - sin x sin x d*.- 

Sc 

+ d, + 
sin x 

sin x 
4{S(3+Ok2+~k*) ($y -  l O ( ~ + k ' ) ( ~ ~ + ~ ]  1-q + 

cet. Cet. ; . 
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e formula : 

- + sin' x 

1 , dZ.- 1 
d'. - + sin" $ina s 

sin2 x d xa + d ~ r  
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cet. cet. 

Exemyla antecedentihs propodta docent, quoinodo e formulis P), 31, 6) ,  7) 5. 4s 
2 K x  

evolwtionerr functionum sinn am - 1 
7 7 '  4 K x  inveniantur. Quantitates A:"", BU), 

sinn am - 
n 

a quil~ùs illae pendent, ope forniularum 4), 6) ibid. successive eruere licet. At  erpres- 
siones earum generales indapndi quaes tio , cum nimis illae cornplicatae availnnt , ( p a n i  

ut eas per inducfionem assequi liceat, paullo altius est reptencla. Queni in fineni se- 

Pu'ota est formula elementaris : 
4 s i n a m v . c o s a m u ~ a m u  

sin am (u +Y) - sin am (u - Y) = 
1- L2 sin1 am u sinaani v 

' 

qua integrata secunduni u, prodit: 

1 t + k s i n r m u s i n a m r  
sin an (u+r) - sin am (u -Y)] = - log ( 

k 4 -k sin am u sin a inr  
O 

E theoremate Tayloriano fit : 

sin am (u + v) - sin a a  (u- v) = 
d',sinarnu v3 

. v  + du, .- 
I l3  + du* 

dz.8nani u v3 d'.sinamu os 
t ( s i n a m u .  v + .- ns + du* n5 

- 1 
. - + a .  

d u2 * f .  
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,p 111 sin am u 
Facile eiiiui constat, posiid u = O ,  et sin an1 u et generaliter - . Uain evanescere. Hinc 

aequaiio 1) , etiani altera eius parte evoluta, in hanc abit : 

dz .sinam u v3 da. sin a m u  V" 
2) s i n a m u - v  + .- .-+ ... = 

d U~ n~ + .du* r r s  

t2 k4 
sin am u sin am v + -;- . sin3 am u sin* am v + - sin5 am u sin5 am V + - - 

J 5 

Yorro iiequationibus iiotis : 

Osioamu.  c o s a m v A a m v  
sin am (u+Y) + sin ain (u-v) = 

1 - k2 sin2am u sin2am v 

2 s i n a m v .  cosamu A a m u  
sin am (u-v) - sin am (u-v) = 

1- k' sin2am u sin2am v 

in se ductis, obtiiienius : 

4 sin am u cos am u A am u . sin am v cos am Y A am v - - 
{ t  - k'sin2 am u sinZ am v r 

Integratioiie facta secunduiii v ,  proveiiit: 

sin' am (u + r) - sin2 am (II - v)\ = 

O 
J 

2 sin am u cos am u A am u . siri' am v sin2 airi v . d . sin' ani u 
E 

1 - k2 sina aain u sina am v (1 - ka si& am u sina am v) cl u 

Qua denuo integrata secunduni alteruni elemeiituni il, o l ) t i n e ~ u s  : 

41 Jd ufi {sin' am (u + r) - sina am (u - v)) = 

O O 

1 - - log (1 - ka sin' am u sin' am v ) .  
k' 

E theoreniate Tayloriana fit : 

sin' am (u + v) - sina am (u - o) 
( d.s in2amu d' . sin'am u y 3  d5. sina ani u ri 

'1 d u  + d u %  ns +:u, r15 
.- 
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uude : 

( d . s i n 2 a m u  v2 d3. sin2 am u -v4 d5 . sin2 am u vs 

'1 d u  
. -- .- 

+ 'Id 
+ .  .l 

II2 + du3 r14 Ki6 . J 

L 
sin' am (u + v) - sins am (u - .)) = 

O O 

da . sin2 am u v4 d* . sinhani u vu 
+ du' 

.- - 
II4 + du* ' l I 6  + - .) ,. 

d'm. sinZam u siquidern per charactcreni U'""' vaIorem expessioois -- <leiiotùwu~, quem O b -  
d w2 ni 

v7 dz . sin2 am u - vC d*.iinaamu va 
5) sin2 amu . - 

+ 'lu2 
.- 

+ du* 
.- + S . .  

II2 n4 II6 

His rite praeparatis, poiiütur : 

ac generaliter : 

u n  = (sin a-m u + R. sin3 am a + R, sini am u + R, sin' am u + . . = 

s h n a m u  + RI")sinn+"amu + ~ r ' ~ i ~ ' i + a  am + ~ ) ) > i ~ n + e a m ~ +  - ' "  

porro e 

oriatur 

reversione seriei : 

u = sin am u + R, sin) am u + R, sin' am u + R, sin7 am u + . . 
liaec : 

s i n a m u  = u + Saus+ S, us + St u7 + .., 
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Iam ex aequatione 2): 

evolutis v ,  v3, vS, cet. in  series secundum dignitates Ipsius sin am v progretlieii~eu, in 

utraque aeyuationis parte Coëfficientihus eiusdem dignitatis sin1"+' am v inter se coni- 

paratis, provenit : 

d2.  sin am u d*.sinamir dl".  sin am n 
R:' sin am u + R:), +..  +--. 

i ï 3 . d ~ '  +RE'2 I 1 5 . d u 4  - I I ( 2 1 1 + l ) d u ~ ~  

Eodem modo e formula 5) provenit: 

li: ô), 7) tiiutato u in LI + iIC sequitur: 

1 1 dl". 1 
d" . d4.  

n sin am u sin am u sin am u + + "' +' ' d u l n  sin am u 
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1 
Quae sunt formulae , quas quaesivinius , generales , quarum ope sinn am u , 

am 
1 1 

e sin an1 u ,  sin2 am u , 
sinam u ' sin2amu 

eorumque differentialil~us ioveniuntur. 

Aduotabo hac occasione, ubi vice verse sin am v,  sin' am v ,  sin3 am v ,  cet. se- 

cundum dignitates ipsius x evolvis, e formulis 2), 6) erui: 

d"'. sin am u 
10) - - 

l I ( Z n + l ) .  du2" - 

uiide : 
1+k2 

SR* = - 1.8 1 1 , , 5R1=-- 1.3 2.4 + ~ ' ~ k =  + -k' 
1.4 

cet. cet. 
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sive etiani: 

1 . 3 . 5  
IRi  = (1 + 7 '  - 

2.4.6 
l a9  . k2(l+k2) 
2.2 

1 . 3 . 5 . 7  1 .9 .5  1 . 8  
9R4 = (1 + k y  - k?(14-k'l2 2 +.* ki 

2.4.2 2.4.6.8 - 
1 . 3 . 5 . 7 . 9  1 . 3 . 5 . 7  

l l R ,  = 
(1+k75 - 2.4.6.2 

i . 3 . g  p ( l + q  
9.4.6.8.10 

k'(1+W3 + 2.2.4 

l . l . . i l  1 . 3 . 5 ,7 .9  1 . 8 . 5 . 7  1 . 3 . 5  
13R, = (1 + k2)6 - k5('+k3' + 2,4.2.4 k' (1 + t' 2 ) l  - - k" 2.4.. 14 2.4.6.8.2 2.4.6 

cet. Cet. 

sive etiam : 

1  
3R, = 1 - -. k'k' 

Y 

cet. 

sive deiiique : 

cet.  

1  
S R ,  = kk + -. k'k' 

2 

cet. cet. 
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Ex bis y uataor yuan tita tes R ,  expritueiidi niodis, modus secuudus repraeseuta tioi~em earuni 

satis ni%iilorabileni et concinnarn suppeclitat., siquideni iritrodncitur qi iantitas : 

13 R, 
Iia e. ,a. fit - - 

k" - 

qua expressione sex viciLus secuiidum r integratis, obtinenius : 

r r - -- +-- + Cr* - C"rz + C'". 
2.4. . . l e  2.4.6.8.10.2 2.4.6.8.2.4 2.4.6.2.4.6 

designadbus C', C", C"' Constantes Arbitrarias. Quibus commode deterniinatis , prodit : 

eodemque modo obtinetiir generaliier : 

Conferatur ~omriient$tiuncuia ( C r  e il p Iournnl 7. II. p. 223) iiiscripta : 
I 

,,-üeber eine hesondere Gattung algehraisclier Fuiictiorien, die aus der Ent- 

C -  

P ,, wicklung cler Function (1 - 2 x z + z2) eutstehn. " 

Inventis yuaiititatil~us R,, per Algorithnios notos pemenitur ad eruendas quantitates R z ' ,  

Sz '  eas, u t  sit : 
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yorro ubi poiiiiur: 

y = x ( i  + R , X  + R,x2 + RR,r3 + . -1,- 
fiat: 

*11 = p ( 1  + + s y  + s 5 3  + . .); 
cluse cuni definitione quaotitntu~ii R::), Sz' supra proposita coiiveuiunt. Fit aotenl, 

posito : 

~ ( x ) = 1 + R x x + R , x Z + R , x 3 +  ..., 

e tlieoreniatis a C11. iMnclnurin et Lagrange i~iventis: 

siquideni transactis differentiationibus ponitur x = O .  
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on-a an-r 
6 ~ r ~ , ( f )  63 R:: .I, (5) 

b - .  ne IT4- + .. + ï i 2 n  

. 
8) -- - 

2 K x  
(2n + 1) sin"" +' am - 

?r 

S K  ""-2 111-4 

R 2  1  (T) p.."' 11 - 2 ($) ( ~ ~ ) 1 1 - 1 ~ 2 1 1 - 1  

- 4 {  -- COS r x 

n 2  r14 
+ . . + - 1  - n' 

Ii(2n) j 1-qz 
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E formulis 6), 7 )  , a), 9) 9. 45 a b e  deduci possunt , quae respectq functio- 

num COS ani u , tang am u,  A am u easdcm partes agunt , cjuam illae respectu functio- 

iiis sin am u. Etenim e forniula : 

i k  
videmus, in formulis pmpositis, ubi pouitur loco k et kr (B - u) loco u, al~ire sin ani u 

in cos am u, unde ioveniuntur s i d e s  -forniulae, quae ipsi cos am u respoudeut. Yorro 

ex  aequatione : 

sin am i u = i Jang am (u , k') 

patet, siniul'mutari posse u in i u, k in k', sin am u in tang am u ;  unde formulas pro 

tang am u eruimus. ,Ex his deinde, clnia 

cotan5 am (u + i Kt) = i A am (u) , 

forniulas pro A am u eruere licet, quae f'orrnulis 6)  - 9) 5. 45 rrsyo~ideiit. (Jilibus in- 

ventis , niethodo plane simili ex evolutionibus functioiium r 

2 Ka 2 Kx 2 K x  2 K x  
cos am - , cos' am - , d a m  -, A'am- 

lr X 7t X 

a nobis propositis, evolutiones geiierales detlncis functionuni: 

BK x 2 K x  
ws" am - , An am - . 

P 7i 

Quae sufficiat addigitasse. 
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Transformationes insignes serierum* i n  p a s  Puiictioaes Ellipticas evolvimus, mu- 

cisciniur, posito i x Ioco x et adhibitis formulis, ( p a s  de reducrioiie argunieiiti iniagiiiarii 

ad argumentuni reale in primis fundamentis dedimus. Quûe vero cuni in proiiitn sirit, 

hoc loco diutius his iiolunius imniorari. 

EVOLVITUR.  

Integrata formula supra e x m i t a  S. 4 1. 1) : 

inde a x =: O nsque ad x c ~r, provenit : 

ZK 41Z 2 K  ? 2 ~ '  q s i n 2 r  q2s in4a  qzsin 6 -  + + q* sin 8 'i. 

( n  n n 1 -q2 1-9" + 1 - q R  1 - 1 8  
+ .  ..). 

2 K  
Designemus iii sequentibus per characterem : - ?? . z (T) expressioiieni : 

q s i n 2 x  q 2 s i n 4 x  + q3 sin 6 x + (14 sin 8 x 
+ 1-q* 

+.  ..). 
1-q" 1-qR 

4 K x  - 11 , E C1' Legendre notatione erit , posito 7 - @ = am u: 

2) z (u) = FIE (rp) - E' F (@) 
K 

Fuiictionem Z (u) loco ipsius E (Q) iu  Analysin Func tioiiurn Ellipiicni tini iiiiro- 

ducere couvenit; quaru ceterurn ope formulae 2) ad terminos Cl0 Legendre u.sit;iios re- 

vocare iu pronitu est. A d d r e n i u a  paucis , yuomoclo ex ipsa evolutioiie finctio- 
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nis L , quam formula ' 1) suppeditat , cornplures eius proprietates, etsi notas, deri- 

vare liceat. 

n 
Mutetur in 1) x in x + 7, prodit: 

4K 2 K x  

2K (Yx) n 

qsin4x q3sin6x q5 sin 10 x 
-Z - - -Z(-++{- rr 1-qz + 1-q6 + ~ - p  + -  .(. k n 

Porro mutetur in 1) x iii e x ,  y in q2, sirnulque k in k'"', K in Ii"', prorlit: 

2K 2 K x  qS sin 101 

% 1 -q6 + 1 - q l O  
+ . .). 

At supra inveninius : 

uide niutato c j  in q2, ZI i n  2,: 

ekc=) ~ ( 2 )  ( qsin2x q3sin6x q5 sin loi + 

./ X 1- + 1-qR + 1 - q'O 

Hinc secjuitur : 

In quibus forniulis, quarum 4),  6) transforniatianem functionis Z secundi ordinis sup- 

pediiant , est: 
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uti de paniforniatione secundi ordiiiis , a CI. Legendre pmposita , constat. Unde formu- 
2 K x  

lam 3) ita quoque repraesentare licet, posito u = -: 
X 

6) Z (u) - Z Au + Kh= kZ sin ain u . sin wam a. 

2 m K'm' x Yonamus hkvitatis causa : am ( 
n ' k"') = @""', e formula 4), posito s u e  

cessive k"', k'"', k'"', . . locd k; 2 x, 4 x, 8 x, . . loco x, prodit: 

quani &dit Cl. Legendre formulani. 

Siniili modo, e forniula si 4 1 : 

quam etiam hunc in nlodum evolvere licet: 

comparata cum hac , quani supra i n v e n h u s  : 

prodit : 

8) ~ K ( K  - E') = (kKy + 2 ( k ( 2 ) K ( 1 9 y  +( i~(4)K(r ' )~  + g ( k ( n b ~ ( n ) ) y  + ., 

quae cuni ea conveiiit, quam CI. G a u s s  dedit in Comment. Deierrninntio Attrnctionm 

cet. 5. 17. 

PKx ( )' sin2 an, - Eadeni methodo, qua 9. 4 i eruimus evol utioiieni expressianis - 
n '  

inquiranius in expressiooeni (7 z (%)y iu seriem evolreodani. Ponaoius 
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cluarn expressionem propositam induere videnius formam, duni loco 2 sin 2 ni x sin 2 ni'x 

u h i q ~ e  ponitur cos (IU - ni) x - cos (m+m') x . Fit priniunl : 

D e i d e  generaliter oltiuemus A'"' = 2B'"' - Cil'), siquiclenl pouitur : 

Iri sinplis harum expressionuni termillis substituatur resp. : 

His collectis , inrenitur evolutio yuaesita : 

qk q' + - Ipsum A = - + - . . CUI etiam hunc in  modum evol- 
(1 - q2)l (1 - q4y +- 

vere liceat: 
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Porro autem constat esse : 

n 
integraia enim aequatione 1) a x = O usque ad x r: - 

2 '  
terniini onines, praeter prinium, 

evanescint ; unde si C1' Legendre notatioiiibus uti placet : 

8 

quae est Integralis definiti satis abstrusi deierminatio. 

I N T E G R A L I A  E L L I P T I C A  T E R T I A E  S P E C I R I  I N D E F I N I T - 4  A D  CASUM 

R E V O C A N T U R  D E F I N I T U N ,  I N  Q U O  ADIPLITLrDO PARAllIETRUIII 

A E Q U A T .  

Antequani ad tertiam specieni Iutegralium Ellipticorum in seriem evolvendam ac- 

cedamus, paucis , quae Tlieoriae illoruni adiicere contigit , seorsinz exponemris , idque 

fere ipsis signis Claro eius autori usitatis. Mox idem novis atlhihitie denomiiiatiouilus 

proponetur. 

Proficiscimur a theorematilus quilusdam notis de specie secunda Integralium Elliyti- 

coruni. Fit : 

4 sin am u . cos am a . û am a 
sin am (u +a) + sin am (u a a) = 

1 - k2 sin" am a  . sin2 am u 

2 s i n a m a . c o s a r n u . A a m u  
sin am (u+ a) - sin am (u - a) = -- 

1 - k5ina am a . sina am u ' 
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4sinama.  w s a m a .  A a m a .  sinamu. cosamu.  Aamu 
sinZaui (u+a) - sinaam(u -a) = 

{l- k2sin2ama . sin2arnu 

qua integrata formula secuuciuni u , prodit : 

2sinama . cosama. Aama , sin2arn~i 
i) J:~. (mn2am(u+a) &n'am (u-a)) = 

1 - k2sinZama. sin'amu 3 

O 

uti iam supra inveiiimus. 

Ponatur: a n i u = q ,  a n i a z a ,  arii(u+a)=u, am(u-a)=4 ,  erit e iiota- 

tioiie CIi Legendre : 

k y  d u .  sin'amu = F(@) -E(@) ,  

O 

w d e  etiam , cuni sit F cc) - P ( a )  = F (9) , F (9) -I- F (a) = F (Q) : 

Hinc aeyuatio 1) in hanc abit: 

Coniniutaiis inter se u et a ,  abit a in q ,  4 in - 4, a imuiutatum nianet, unde 

prodit : 9 

qua addita aequationi i ) ,  provenit : 

3) E(q)+E(u) -E(s )  = kZsinor.sin$. sinu, 

quod est theorema de Additione functionis E ,  a CI. Legeiidre prolatuni, 1. c. Gay. 
pag. 4 3 .  c'. 
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Integralia forniae : 

sin" . ci q 
(1 - kZ sin'œ. sin2gj A (Q) f@ O 

secunduni eam, i p m i  Cl. Legendre instituil , Integralhm Ellipticoruur distril,utionenl in 

species, specieni terfzam consiituunt. Quantitatem. - k2 sin' a ,  quam per n <lesigl,at, 

Paranietrum vocat; nçts in  sequcutihs i p m  anplutu a Parametrm dicenius. Quorulil 

Integralium , multiplicata aequatiode 2 )  per 

a 

ac integratione instituta a @ = O usque ad @ = Q, quo facto ipsius u liniites erulit : 0 = 
a> 

u = a, ipsius 9 limites : 4 = - 4 = 8, exprcssionem eruinius sey uenteni : 

Facile constat, cum sit E (- Q) = -4 ( i p )  , esse : 

unde cum sit : 

nacti sumus novum ac niemoralde 

. 
Determinentur angidi 9, a ita,  u t  sil : 
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( E u  - = F(Q)E(cc]  - - 
a (a 

4 O O 

ita zlt tertia species Integralium EZZipticorum, guae ab elementis tribus pn- 

det , Illodulo li , Amplitzrdir~ Q , Parametro a, ~*eaocata sit ad qeciem pri- 

man? et secundam, e t  Transcendentem novam 

p u e  tanturn a duobzcs elementis pendent omnes. 

Poiiamus F (a,) = 2 F (a), quofies @ '- a, fit u s a2, 9 = 0 ,  quo igitur casu 

e theoremate proposito nancisciniur : 

a2 
L'sinacosœAoc . sin2?. d g  

-- - F ( E )  E (oc) - E(W. d g  
2 11 - h' sin2 a . sin2 @ j  A ( Q )  

O O 

Quae docet forniuln, iii locum Transcendentis uovae substitui p o s e  et hanç : 

quod est Integrale tertiae speciei definitum, in yno Aniplitucto Piirametruni aequat, yuod 

igitur et ipsuni tantuni a duol~us elementis pendet., a Modulo k et quautitate illa, yuae 

?ri111u1 et Parameter est et Anipli*tudo. 
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quibus in theoreniate, 5" aiitecedente proposito , substitutis formulis, obtiiiernus se- 

quens 

T H E O R E nf -4 II. 

Detmminentur anguli p ,  3 i ta ,  ut sit:  

J? (Y) + J? (4 , F @] = F(fA) = -- F (cf) - F (a) 
2 2 

, 

S sin'y . d rp 
k z s i n p c o s p A p  

f 1 - k2 sinZ ,LI, . sinZ y] A (y) 
O 

S sin2<p . d q~ - L'sin9 c o s B A 2 .  
il-kzsiozCd . sin2 yj A (y) 

' 
O 

qua formula Integralia tertiae speciei indefinita wvocantw ad definita, in 

quibus AmpZitudo Parametrurn aequat, i d e o p e  p a e  ab elementis tribno 

pendebant , ad alias Transcendentes, quae tant um duo bus constant. 

Coniiimtatis inter se cc et @, abit 9 in - 9, a imniutatum nianet, unde cuiii 

insuper sit: 
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Hinc, suhductione facta, prodit : 

quae docet formula, Integale tertiae speciei semper revocari posse ad aZiud, 

in quo, qui eiat Parameter, fit Amplitudo, quae erat Amplitudo, Jt 

Param eter. 

li Uhi in formula 2) poiiitur Q = 2, obtinemus : 

s i r ~ s A c c .  sin2q .dy -- -  FIE(^) -E'F(~). 
fl- k2sin2 a . sin2 y) A  (y) 

0 

Foriiiulae 2), 3) ciim iis conveniunt, quae a CI. Legendre exhibitae sunt Cap. XXIII. 

yag. 141 .  (n'), (p'). 

I N T E G R A L I S  E L L I P T I C A  T E R T I A E  S P E C I E I  I N  SERIEDI 

E V O L V U N T U R .  O U O M O D O  I L L A  P E R  T R A N S C E N D E N T E M  N O V A M  @ 

COMMODE EXPRIDIUNTUR. 

E formula : 

2K A 2KA 2 K A  2Kx 2 K x  2 K x  
4sinam-cosam- A a m .  sinam- cosam -Aam - -- 

2 K A  
1 -k'sin2am - . sin' am - 

% a 

IRIS - LILLIAD - Université Lille 1 



quae gx eleiiientis eonsiat , eruinius integrando : 

 KA ' 8 K A  2 K A  2Kx 
2 sin am - cos am - A am - . sinz am - 

7t X - d * - 
2KA 2 K x  

1 - k2.sin* am - . sinZ am - * n 

Hinc fit ex 1) : 

'SKA 2 K A  PKA 9 K . r  
2k2sinam - c o s a m 4 a n i -  .sinZam - 

2 K  x n n x 
2) - .  - - 

5 t  ZKA 2 K x  
1 - k' sin1 am - . sin" am - 

7t X 

1 qsint(x-A) 
Const. + 4 + q2sin4(x-A) q3sin6(x-A) 

\TF 1-q4 + i-q' + ..\ 
J 

q s i n 2 A ~ ~ ~ 2 x  q2sin4Acos4x q3sin6Acos6s  
Const. - 8 { - + -- -- 

+ ' 1-q* 
+ . .). 

1-q1 1-q" 

uhi ita determinari debet Constans, 

[ qsin2A qasin4A 
Const. = 

8 \  1-q2 + 1 - q' + 
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ir X 
P o ~ u l a  2) a x = o usque ad x = integrata , cuni prodeat - . Const; , reliquis eva- 

2 

2 K A  ZKx 
- a ,  -- nescentihs terniinis, posito - - 

n , u , eruinius integrale definituni : * 

k2sinamacosama Aama . sin2amu. d u  s- = K . Z j a ) ,  
1 -ka sin2 am a . sin2 am u 

O 

cpod idem est atque 3) 9. 50. 

Designahimus in sequentilms yer cliaracterem iï (u , a ,  k) seu brevius per ï i  (u, a) 

integrale : ïi (LI, a) *) = 

.fu k2sinamacosamaAaina .sin2arnu. d u  -- =J'kas in~corœAœ.s in2p .  d q  
1 - k2 sin2am u . sin2 (F f 1 - k2 sin2 a . sin2 <FI A (rp) 

' 
O O 

sicluidem Q = am u, CL = am a .  Quib~is positis, aeyuatione 2) rursus integrata a x = O 

quae est Integrdis Elliptici tertiae speciei evoliitio quaesita. 

ULi adnotntur evolutio nota : 
( q2 cos 4 x q3cos6x qCcok8x - log(1-Zqcos2r+q2) = 2'(qcor2x + 2 + s + a +...), 

3 CLi Legendre pu l l0  alia est kuotatio; ponit enim il!e n(ti, (F) = 
d~ f O cPfl+nsiP2 qj O ; ita ut, quod no- 

bis est ,ll (u,  a), illi erit : 

- c o s a A ~  cosœAœ -F  (Y) + sin ïï (- k? sin2 K , <F) . 
sin a . 
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ridenius formulani 31, siiigalis evolutis denoniinatoribus t -q: 1 - q*, 1 - Y @ ,  cet., 

hauc induere forniani : 

= log f(l-Pqcos2~+q~(l-~q'cos~x+q~)(l-2q~coo9x+~~~) . . . ]  + Const., 

ulii Constnns ita deterniiiiata, ut pro x = 0 evanescat, fit = 

DesignaLimus in posteruni per characterem O (LI) expressioneni : 

designante Q (O) Constailteni, cpam adhuc iiideterniinatam reliiquinius, clum ~ ~ n i n i o J ~ ~ ~ ~  

cius determitiationeni infra oltinehinius; erit e x  1) : 
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- iae - 
unde forniula 4) 5. 5 1  in hano abit: 

2 K x  4 K A  
sive, rursus posito = u, - = a:  

X % 

siquidern ponitur : - dg(u) - - @'(u).  Quae est cornmoda expressio Integrdis BUiptici II 
du 

per Transceudenteui novam O. 

Facile constat, esse O (- u) = O (u), unde cornmutatis inter se a et II, e 3) 

prodit : 

y d u s  a 3) subductis, fit: 

quae eadem est afque formula 2) 5. 50. Hinc, posito n (IC, a) = n'(a), evaiiescente 

n ( a ,  10, Z(I<), fit: 

n'(a) e KZ(a) .  

quae est CI' Legendre, quani supra exhihimus 3) 5. 5 O ,  forniula. 

Posito u = a ,  e 3) fit : 

Videmus igitur, Transcendenteni novam sive per Integrale (1;;; ' definiri posse ope 

formulae : 

sive per Integrale defiuiturn teriiae speciei ope formulae : 

IRIS - LILLIAD - Université Lille 1 



E formuia 5) nancisciniur: 

1 O(u-a) - u-a -a u-a u-a- 
-log . 
2 @(u+a)  

unde 3) in hanc abit formulam: 

u-a u-a 
')., t) + n ( T .  - 

quae est pro recluctione Integralis t. sp. indefinhi ad clefinita, atque cum Tlieor. 11. 
5. 50. convenit. 

C O R O L L A R I U N .  

Uii iana supra ex evolutionibus inventis Algorithnios ad computum idoneos tlecluxi- 

mus, niinus ut nova proferantur , quani quo nielius earum perspiciatur natura : idem mr-  

sus aganius (le inventa evolutione functionis 

(1-9qcos2x+q~(l-tq3cos4x+q*)(l-2q5cos9x+q'0j . . . . - 
IO-¶lu-q3)!1-q5) . t  

()ilen1 in fineni antemittamus sequentia. 

Ponatur pro<luctuni infinitum : 

sicpideni itera iis vicibus subetituitnr : 
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.Y 

iiiide videnius, fore: 

1) T = (1-q)(l-q)f (1-45 (1-q)f ( l -q) -%.  . . = ( lmqY.  

Sive etiam cuni sit: I 

Ex i)  fit: 

qua in formula loco y successive poilanius q ,  q3, q5, ci7, . . , et instituan~us iiifiiiham 
multiplicationeni. -4dvocata formnla supra. exliibiici : 
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4 
n' kt47 - n O"' cet.; notuni est fieri k""= - - 2, k"' = - 
m' ' mm 9 

cet., unde: 

9 t  
Hinc etiani %üit, designante p = - 4 K  

limiteni comrnunem, ad queni quantitates III'", 

quae formulae computuni expeditissimum suppeditant. Docet 5 ) ,  quoiiiodo ex ea(le111 

cpantitatum serie, quani ad inveniendum valorem functionis I< calculatam habere deheu, 

ipsius eiiam IL' valor confestim proveniat. 

Fornlulanz 3) transformenius. Fit, ut uotum est: 

Hinc obtinemus , siq uidem 

quadraticani extrahimus : 

iteratis vicibus siniul loco k si11)stitriinins k"' atque rarlicem 

unde posito p =: 2m: 

-7rK' 
K L.P;; v . 3 1  

Hinc videmus e formula 3) ,  q = e liniitem fore expressionis - , cre- 

scente ni seu p in iidinitum, cpod est theorema a Qe Legendre inventum. 
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Nec pon vel ipso h u i t u  formulae a nol~is kxhibitae: 

patet , iieglectis quantitatihus ordiuis clP, fore : 

Iani in  formula nosira 

loco q s~ibstituamus successive cluplicen~ qnantitntuni seriem: 

et infinitau instituamus multiplicationeiii. Advocetur formula 9' 3 6 : 

9 K x 
A a m  - 

T t  - - (1-2qc0~2x+q~)(l-2q~c0~2~+q~)(l-2q'cosex+q~~) . . . 
( I + ~ ~ C O S Z X + ~ ~ ) ( I + P ~ ~ ~ O S ~ ~ + ~ R ) ~ I + ~ ~ ~ ~ ~ ~ ~ ~ + ~ ~ ~ )  . , . ' 

ac designemus per A ' ~ '  expressioueni 

Aam- 
?r (l-SqPcos~px+q?P)(I-Sq'Pcos2px+q~P)(l-%q~Pcos2px+q'~P) . . . - 

JET7  (1+2q~costpx+q~p)(1+4q3~cos2px+q~p)(1+Zq2~cos2px+y'~P) . . . ' 

eo deterniiiiavinius, quod iitraque expressio, posito xts= O,. u~utati .  arqiialis evadat. 

Iam vero ilivenimus : 
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P i c  x 
Hinc posito - 3 a, am u @, et advocatis formulia, quas Cl. Legendre 

X 

de. trausformatione secundi ordinis proposuit , uancisciniur sequis$, quod coniputuni 

expedituni functionis @ suppeditat , 
T H E O R E M A .  

erit : 

Cuius theoren-qtis absq~ie eyolutionuni consideratione per forniulas notas ac fini- 

tas denionstrandi negotio , cuni in promptu sit , supersedemas. 

DE A D D I T I O N E  ARGURIENTORUM E T  P A R A M E T R I  E T  AMPLITUDIIYIS 

l Y  T E R T I A  S P E C I E  I N T E G R A L I U M  ELLIPTICORU31 .  

Fornlulam in Analysi liunctionis 8 fundamentaleni , et cuius nobis in secluen, 

tibus frequentissimus usus erit, nancisciniur consideratione seyuente. Etenim quia po- 

situm est: 

f" kys inamacosamaAama.  sin'am u . d u  
n ( u ,  a) = 

1-k'sinZam a .  sinZamu 
3 

O 

fit:  

d n t u .  a) = Irs sinarn a cos am a A am a . sinlani u 

d a  1- kysin'ama . sin'amu 
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Qua formula secundum a integrata ab a i =  O uque ad a ,a, p f ~ d i t i  

Fit auteni e 3) $. 52:  

O (a) 1 1 = log.- - -)ogO(u-a) - -togO(u+a) + iog@O, - 
d u  0 (O) 9 2 

O 

+Los substitutis, dum a Iogrtrithniis ad nnmeroa traniu, e 1) Ohines: 

Foruiulam 2) ita repraesentare possumus : 

uiide cornniutatis a et u: 

k2 sin a m  u cos am u Aam u . r i d a m  a -= 1 '  i 
Z(U) - -Z(U-a)  - - 

1- k2sin2ama sin2 am u 2 Z(u+a) ,  

quibus additis formulis prodit: 

4) Z(U) + Z ( a ) -  Z ( u + a ) =  k2sinarnu.sinarna.sinarn(i~+a). 
1 I 

quae est pro Additione functionis Z ,  atque coiivenit cum formula 3) g'. 4 9 :  
L 

E(rp) + E(œ) -E(u) = k2sinq . sinœ. s ina .  

quam 5. 47 e x  evolutione ipsins Z deri~arimus. Posito - d Jaco u , - r, 
e formula 5) ohtinemus: 

6) Z(u )+Z(v )  = k2sinamu.  s inamy.  

K 
Posito u = v = - 2 > fit: pz(+)= 1-Y , *). 

. K 
*) Est eoim : rio am - = 

K K K 
4 2 l + k f  ' 
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Formulani 5) inde n u = O osque ad u = u integrcnms. Cum s i t f i ( u )  . d u  = 
O 

O u  
log ,, , prodit : 

Ou 
106- - log . = - l o g ~ a m u ,  

00 O (Kj 

sive : 

Posito u = - I< , wuinius e 73 valoreni ipsius 

Formulani 9) e x  inventa evolutioiie : 

@\Y) - ( ~ - ~ q c o s ~ x + q ~ ( ~ - ~ q ~ c o s ~ x + q ~ ( ~ - ~ y ~ c o s ~ i + q l o ~  . . . - -  
@ (O) i (1-q)( l-y3)( i-45)  . . . jZ  

% 

facile confirmaniris. Fit enim, niuiato x in x + - 
9 ' 

O(- % + K) 
- - (I+2qcos2x+q2)(l+2q'cos2x+q"(L+2q~cos2x+q~0) . . . 

@ (+) (1-2q~o~2~+q2j(l-2q~cos2~+qfi)(L-4q5cos2~+q1~ . . . ' 
OKY 

Aam - 
n 

quam ipsam expressionem inveninlus 5. 35. = , uti debet. a 
E formila 9) expressiones il (u+R , a), ï i  (u,  a + K) statim ad ipsum ï ï  (u, a) 

revocanius. Fit enim : 

C' 
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1 @(LI-a) 1 A a m  (u- a) 
(u+IZ)Z(a) + -log. 

O 
+ -log.  

@(u+a)  2 Aam(u+a)  

1 @(II-a-K) 
I I )  I I ( u ,  a+K) = u Z ( a + K )  + -log - - 

2 @ ( u + a + K ) .  

1 O(u-a) 1 Aam(u-a) 
u Z (a) - k2 sin am a . sin coam a . u + - log + - log . - - 

2 O(u+a)  2 A ~ P  (u+a) 

1 Aam(u-a) 
( II ,  a) - kZ sin am a sin coain a . u + log Aam(u+a)  ' 

E hrnlula furidaiiientali, cuius ope f~mctio ï ï  per fuuctiones Z ,  O definiiur: 

1 o (u-a) 
1) n ( u ,  a) = u Z ( a )  + -log. 2 O(u+a)  ' 

advocatis seciueiitibus et ipsis in Analysi functionum Z , @ fundamentalihus: 

II) Z u  - Z(u+a) = k2s inama .  s i n a m u .  sinam(u+a) 

III) O(u+a)@(o-a) = { @"a}' (1 - k2 sin'am a . sin2am u) , 

iarii facile formulas obtines et pro exprimenilo ï i  (u + v , a) per Tr (u , a) ,  n (v , a), cluod 

vocabimus de Additione Argumenti Amplitudinis, et pro cxprimenclo iï ( u  , a+ 1) )  per 

n (il, a) ,  n (u, I), quocl vocabinius de Additione Argunzenti Parametri theorema. Queni 

in finem adnotamus secluen tia. 
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Expressionem sub signo logarithmico contentam : 

ope theorematis fundamentalis III. duplici ratione ad fuiictioues ellipticas revocarc licet. 

Fit enini ex eo primum: 

0 (u-a) . 0 (v-a) = i u+v - (I - i n  (7). sinyam (P- - a)) 
0 0  1 

u-v  

0 @+a) . O (v+a) = I 
u+v  I - L'sin2 am (7) . sin2 am (B +. a)) 

O 0  
I 

u+v  

1 - k2 siny am (Fi. sin2 am (T - a)) 
0 0  

4 

quarum formularum prima et quarta in se ductis ac per secundain et tertiam divisis, 

@(u-a) .  O (v-a) . O(u+v+a) -= 
@ ( u + a ) . @ ( v + a ) . @ ( u + v - a )  

Sic ctiam, quae est altera ratio, ubi theorema fundanientale III. hunc in nio- 

dum repraesentas : 

fit : 
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quarum fôrniularuni rursris prima et quarta in  se ductis ac per secu~idarn et tertiaiii di- 

visis, estractisyiie radicibus provenit : 

Ut ex ipsis elenieiitis coguoscatur, quoniodo e ~ ~ ~ r e s s i o n e s .  2 ) ,  3) altera in alte- 

rani trausf'orniari possiiit , adiioto sequeiiiia. 

Ul)i in formula, iam saepius adliil~ita : 

sin2amu - sinZamv 
sinarn(u+v) . sinam(u-v) = 

1 - k2 sinZ am u . sinZ ani v 

loco u ,  v resp. ponis u+v, u - v, prodit: 

Yorro dcdinius ' f'ormalam : 

4 s i n a m u .  cosamu.  A a m u .  s i n a m v .  c o s a n ~ v .  Aamv 
siniain (u + v) - sinZam (U -v) = 

{ 1 - k2 sin2 an1 u sin2 am vjl 

unde niultiplicatione facta, ohtii~enius : 

4 sin am u . cos ain u . Aani u . sin am v . w s  aiii v . A am v 
4) 1-kzs inzam(u+v) .  sinzam(u-v) = 

s inam2u . s inam2v il-kzsinzamu . sin2ainv$ 

ciiius formulae Leneficio formulae 2), 3) iam facile altera in alierani abeuut. 

E fornlula 4) adhuc deduci potest haec generalior: 

2s inamu.  cosamti.  A a m u  
*) Nota enim est formulae: sin am 2 u = -. 

1 - k2 sin' am u 
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At Cl. Lege~idre eo loco, quo de Aclditioue Argiimenti Aniplitudinis agit, (Cap. XVI 
Compnraison des fonctions elliptiques de la troisième espèce) eani, quae sub signo loga- 

ri~hnlico iuvenitur, yuaiititatem SUL forma exhil~et hac : 

1-k2sinama. s i n a m u .  s i n a m v .  sinam(u+v-a) 

l + k s i n a i n a .  s inaniu.s inainv.s inarn(u+y+a)  ' 

yuam iiou prinio intuitu patet, yi~onlodo cuni espressioidms a nobis iiiveiitis sive 2) sive 3) 

conveuiat. Transforniatio satis a1)striisa huiic in nlodum peragitur. 

E forinula elemeiitari, ciiius frecjueiitissiiliani iani fecimus applicaiioneui, fit: 

sin am u . sin am v = 

u + v  sin2.- - sin2am 

s inama.  sinani(u+v-a) = - 
u + v  1- k2sin2am (T) &'am - a)' 

quibus in se ductis aequatioiiibus , prodit : 

1-k2sinaina.  sinamu . sinamv . sinam(u+v-a)\ 
- - I 

u + v  - ka ' s i 2  am (+) - sinz am (7) } {sin2 ani (q) - sin' am 1 
Altera aecjuatioiiis pars evoluta , termirlis 

u+y u-x - ka sin2 am ( - , )( sin2am ( - ) + s i n 2 . -  - - a ) /  

+ k2 sin2 am (T) {sin'am (y) + sin7 am ("Pv - - a) 1 
se niutuo clestrueiitibus, fit: 

u - v  u + v  
1  sin' am (T) sin2rm (p) sin2 am (p - a) 
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u+v  1 - P sina am (P) sinSam (y) 
62 

. {i- ka rio am a . sin amu . sinani v . sin am (u+ v- 
/11+v\ 

u - v  . u + v  
I - F sin2 am sin2 am (p - a) 

liinc inutalo a iii - a ,  eruimus : 

u+v 1 -k2 sin" am - siri' am - ( ) (u'v) { ~ + i ~ ~ i ~ ~ ~ ~ .  s inamu.  s i n a m r  s i n i m ~ ~ + v + ~ ~ J  

1-k5in2am - ("OV) 

unde divisione f'acta : 
1-kZsinama. sinamu. s inamv.  sinam(u+v-a) - - 

7, 1-k2sinama.sinamu.sinam~.sinam(u+v+a) 

-. - 
u-v u+v  

1 - k2 sin2 am (T) sin2 am (n + a) 1 - k2 sin2 am 

quae est transformatio quaesita eltpressionis a Cl. Legendre propositae in expressionem 2). 

u-v u + v  u + v  Forrilulani 6) , posito u,  a ,  v loco 7, 7, 7 - a ,  ita quoque reprae- 

sen tare licet : 
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E formulis si aiitececlentis i ) ,  2), 3), 7) seyuitur: 

1) n(11, a ) +  n ( v ,  a) - n ( u + v ,  a) = 

1 I l -k2sin2am(u+a) .  sin2am(v+a)jfl-kzsin'ama sinlam(u+v-a)] - log . - - 
4 41-k2sin2am(u-a) . sinZam(v-a)] [ l -k2sinZama s in2am(u+v+a) j  

1 1-kZs inama .  s i n a m u .  s inamv.  sinam(u+v-a) - log . ---- 
2 1 + k 2 s i n a m a .  s inamu.  s i n a m v .  s inam(u+v+a)  ' 

quoil est theorema de Additione Argunienti Amplitudinis. Prorsus eadem niethoilo investi- 

gari potest alterum de Aclditioiie Argumenii Pnrametri, at ope theorematis de reductioiie 

Paranletri ad Amplitudineni, quod nobis suppeditavit formula 4) 5. 52:  

LV) =(u, a) - =(a, u) = uZ(a )  - a Z ( u ) ,  

e forniula 1) idem sponte fluit. Etenim e 1V. f i t :  

= ( a ,  u) - n ( u .  a) = a  Z (u) - u Z (a) 

I I ( b ,  u) - II (u, b) = b Z  (u) - u Z  (b) 

(a+b , u) - n (U , u+b) = (a+b) Z (u) - u Z (a+b) , 

unde : 

];I(u, a) + n ( u ,  b) - n ( u ,  a+b)  = 

n ( a ,  U) + n ( b .  u) - n ( a + b ,  U) + u f Z ( a )  + Z(h) - Z ( a + b ) I ,  

sive cum sit ex. 1) : 
1 1-k2sinamu.sinama.sinain b.sinam(a+b -u) 

n ( a ,  U) + n ( b ,  U) - TT(a+b, u) = -log. 
2 l+k2sinamu.sinania.sinamb.sinam(a+h+u) ' 

porro e II. : 

Z(a) + Z(b) - Z(a+b) = k 2 s i n a m a .  sin 'amb. sinam(a+b).  

fit : 

1 1-k2s iuamu.  s i n a m a .  s inamb . sinam(a+b-u) 
k2sinama sinamb sinam(a+b).  u  + -106. 

9 l + k . s i u a m u .  s inama .  sinamb . s inam(a+b+u)  ' 

quod est theorenia qnacsituni de Adclitione Argumenti Parametri. 
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Alias er&nus formulas satis metnorabiles consideratione seqrimte. Fit ciiiin e 

theoreniate III : 

@(II-a). O(v-b) @(u+v-a-b).  O(u-v-a+b) 

\ (0) = 1 - k2 sinZ am (u- a) . sin2 ani (v - b) 

Iam e theorema te 1 erit : 

5) I I (u+v .  a + b )  + n ( u - v ,  a-b) - 2 n ( u ,  a) - 4 I I ( v ,  b j  = 

(u+v)Z(a+b)  + (u-v) Z(a-b) - EuZ(a )  - 2 v Z ( b )  + 
1 1- kz sin2 am (u - a) . sinZ am (v- h) 

-log . 
2 1-k2sinzam(u+a). sin2ani(v+b) ' 

sive c m  sit: 

Cornmutatis inter se u et v ,  obtinemus: 

-k?sinama s inamb fsinam(a+b) . (u+v) + sinam(a-b). (u-Y): 

1 1-k2sin'am(v-a) . sinZam (u-b) + - log .  
2 1-kZsin2am(v+a) .sin2am(u+b) ' 

Additis 4) et 5) obtinemus: 

-kzsinama s inamb sinam (a+b) . (u+v) 

1 f 1 - kZ sin2 am (u -a) sin%m (v- b) 1 - k2 sinz am (v-a) sin* am (u - b) \ 
+ 4 I o g \  1 - k 2 s i n Z a ~ u + a ) s i n z a m ( v + b )  ' 1-k2sin'arn(v+a)sin2am(ii+b) J -  
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Posito v = O , e 4), 5) prodit: 

7) ï i ( u ,  a+b) + H ( u ,  a-b) - 2n[(u, a) = 
1 1- k'sinaam b sinaam (u-a) 

-kasinania sinamb[sinam(a+h) - sinam(a-b)fu + -log. - 
2 1 - k' sina am b sin' am(u + a) 

8) n ( u ,  a+b)  - n ( u .  a-b) - 2 I f ( u ,  b) = 
1 1- k'sinaama siiiZam (U - b) 

-kZsinama sinamb fsinam(a+b) + sinarn(a-b)ju + -log. 
2 

-. 
1-k'sin'auia sinaain(u+b) 

Posito b = O ,  e 4), 5) proclit: 
1 1 - k%in1 am v sin2 am (u - a) 

9) H ( u + v ,  a) + iT(u-v, a) - OlT(u, a) = -log. 
2 1 - k2 sinZ am v sin' am (u +a) 

1 1-k2sinZarn u . sin'am lv-a) 
10) i i ( u + v ,  a) - H(u-v .  a) - S l I ( v .  a) = Ilog. 

1 - k2 sin2 am u . sin2arn (v + a) ' 

- 
REDUCTIONES EXPRESSIOMUM Z ( i u ) ,  @ ( i u )  AD ARGUMENTUM 

REALE. R E D U C T I O  G E N E R A L I S  T E R T I A E  S P E C I E I  I N T E G R A L I U M  

ELLIPTICORUBI,  I N  QUIBUS ARGUDlENTA E T  A M P L I T U D I N I S  

Revertinlur ad Analysin functionuni Z ,  O, quarum insigneril usum iii theoria no- 

stra antecedentibus coniproliavinius. Quaeramus de reductione expressionum Z (iu), @ (i u) 

ad argumentuni reale. Ideni prinmm signis Ci" Legendre usitatis exequemur, deinde ad 

notationes nostras accommodal)inius. 

Novirnus in  elemeiitis 5 .  19. pag. 3 4 ,  sirnul locuni habere aequationes: 

unde integratione facta : 
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d < p  i d %  Rialtiplicaiido per = - et integrando eruinius : 
((FI 3 kt) 

Iani adiiotetur theorema egregiuni CI' Legendre (pag. 6 1) : 

7r 
FIE1(kf) + F1(k')E1 - F'F1(k') =*- 

O '  

iiiide : 

F '. 
F1E(1p, k') + (E1-F1)F(+, kt) = - { ~ ~ ( k ' ) ~ ( ~ p ,  kt) - E1(k')F(1p, kl)) + *F(lk, k3 

F ' (k') 2F1(k') ' 

E notatioue nostra erat: 

F1(k')E(ip, k3 -~ ' (k ' )F( ik ,  k3 
= Z (u , k') , 

F ' (k') 

unde aequatio 3) ita repraesentatur: 

X 11 
4) i Z ( i u ,  k) = -tgam(u, k')Aarn(u, k') + - 

2K K' 
+ Z (u , kt) . 

Hinc prodit integrando : 

U 

k) = iogcosam(u, k') + 
O O 
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n u u  - 
O (i u , k) - 4 K K f  - e cos am (u , k3 @(U, k') 
O (O, k) O (O, k') 

Mutetur in 5) u in u + 2K', prodit: 
w(u + 2 K')= * (K.+ u) 

@(iu+2iK1)  - 
= - e  

4KK' 
cos am (II, k') O (u , h') *) - K O(iu) 

(0) 0 ( 0 , U  - - e  
- 
0 0  ' 

sive posito u loco i u :  

Ponatur i n  5) u + Ir loco u :  ciini sit 

k sin am (u , k') 
cos am (u + K', Ir') = - -- 

A am (u , kt) 

Aain (u, k') 
@ (u + K) k') = 

$k 
. O ( u ,  k?, v. 5. 53. 9) 

. .  . 

@(iu+iKt)  = - e  
4KK' f i  sin am (II , k') O (u , k') 

@ (0) O (O, kt) 

. . .  

= - e  
4 K  O (i u) 

{ k f 6 a m  (u ,  - 
O (O) ' 

uiide posito rursus u loco i u :  

4K 
2) O(u+iKf)  = i e Sr sin am (u) O (u) . 

*) Fit enim O (u + 2K, k) = 0 (II), ideoque etiam O (u+ SKI, k') = O (u,  k') . 
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Sumtis logarithmis et differentiando , e x  1) , 2) prodit : 

- 1 %  

3) Z (u+2 i K') = - 
K + z ( 4  

Posito u s O ,  e x  1) - 4) fit : 

Forniulae i ) ,  2) egregiani inveniunt coiifirmationem e natura producti infiiiiti, in quod 

functioneni O evolvimus : 

(F) 
- (l-2qcos2x+q2)(1-2q'bcos2x+q" ( 1 - - 2 q ~ c o s 2 x + q ~ ~ )  . . , - - 

6, @ (O) 
- 

tu-qI(1-q3)(1-qS) . .1= 

i %K. 
Ubi enim niutatur x in a -4- 7, quo facto abit eiX in y eix, abit productuni 

i *K' 
Motato vero x in x + T ,  abit e i x  in GiX, unde productuni 
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uade videnius, fore : 

2 K x  Forniulae 7), 8) autem posito - = u cum forniulis i ) ,  2) conveniuiit. 
n 

posito i u  loco u , sequitur : 
A am (u , k') 

O( iu+K) = . O ( iu) ,  Jkc cor am (u , L') 

unde e 5 )  5. 5  6 : 
X U U  - 

1 4KK' @( iu+K)  - Aam (u, k') . @ (u > k') 
@ (0) f i  @(O,  k') ' 

sive e formula allegata 9) 5.  53 : 

R U U  

@( iu+K)  - d r  B(u+K', k') 
9)  --- - e  --. 

0 (0) k' . 0 (O, L') 

Hinc sumendo Iogarithmos et differeutiando obtiiiemus : 

a u  
10) i Z ( i u + K )  = - 

ZKK' 
+ X(u+K', k'). 

Formularuin $8. 56. 57 iuventaruni facilis fit applicatio ad Ailalysin functiouuni 

n casibus , qu i lm  Argumenta sive Aniplitudinis sive Parametri sive utriusque imagi- 

naria sunt. 

Demonstremus primuni , expressionem ï ï  (u , a -+- i TC) revocari posse ad iï (a, a), 

unde. patet , posito n = - k2 sin2 am a , integralia 
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alteruni ab alter0 pendere ; quod est insigne iheorema a CI. Legendre prolatum Cap. XV. 

Fit auiem e 2), 4) g. 5 7 : 
iau - 

60 (a-u+iK1) K sinam (a-u) O (a-u) - -  - e  -- 
@ ( a + ~ +  iK') sinam(a+u) ' @ ( a + ~ )  

-1  d u  
u z (a+iK') = - 

2 K  
+ u cotgama Aama + u Z ( a ) ,  

h 
i ?ru i e u  

unde, terminis - - - 2K 2K 
se destruentibus : 

1 sinaiii(a-u) 
1) n ( u , a + i r )  = l I ( u , a ) + u c o l g a m a a a m a + - l o g - - .  

2 sin aiii (a+ u) 

Ponanius i n  hac formula i a  loco a ,  fit: 

- i n a m  (a, k') 
cotg am (i a) A am (i a) = 

sin am (a, k') cos am (a, k') 

sive posito brevitatis -gratis : 
h a m  (a, k') 

= ( 0 : .  
sin am (a, k') cos am (a, k') 

fit: 

unde 1) abit in 
n ( u ,  i a + i K r )  - lT(u, i s )  

2) -- = - (crigamu 
{a.. u + Arc.tg . 

i a a m u  ' 

cpae cum forniula f )  a Cl. Legendre exhihita convenit, 
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Alias forniulas , pro reduciioiie Srgunieiiti imagiiiarii ad reale fundanientales, ob- 

tinemuu-e 9), IO) g. 57. Quarum primum observo hanc, qua ,4rgumenta et Aniplitiidinis 

et Paranietri imaginaria ad Argumenta realia revocantar: 

quae hune in moiium denionstratur. Fit enim: 

porro e IO) 5. 57: 
n u a  

i u Z ( i a + K )  = - 
~ K K '  + uZ(a+K', k'), 

i 

s (a + u)= 
@(ia+iu+K) - @(a+u+Kv,  k') --- 

@(O, k) @ (O, k') ' 

n u a  wua 
ideoque, terminis - - - se destruentil,nr, 2KK' BKK1 

1 @(a-ii+K',k") 
ï i ( i u ,  ia+K) = u2(a+K1,  kt) + -log -= .CI ( I I  , a + K', k') , 

2 @(a+u+K'.k') 

Mutato in 1) a in - i a ,  prodit: 

2) n ( i u ,  a + K )  = - lT(u, ia+Kf, k'). 

Formula 1) facile etiani probatur coiisicleratioiie ipsius iiitegralis , per cluocl 

I'uiictionem iï definivimus : 

U 

n ( n ,  a) = f k'sinama. cosama.  A a m a .  s;i i7amu. d u  
1 - k2 sin" ama . siii2am u 

O 
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Acoam (a, k') - Aam (a+K', k') 
sin am (i a+K) = sin coam (i a) = - 

k k 

-ik' ik' ' 
cosam (i a+K) = - cos coam (ia) = - cos coam (a, k') = - cos ain (a +Kt, k') 

k k 

A am (i a + K) = A coam (i a) = k'sin coam (a, k') = k'sin am (a + K', k') , 

i k k s i n a m ( i a + K )  cosam( ia+K)  A a m ( i a + K )  = 

- k' k' sin am (a +Kt, k') cosam (a+K1, k') A am (a+K1, kt). 

Porro fit: 
sinzain (iu) - - -tg 'am(u, k') -- - 

1 - k' sin2anl (i a+ K) sin2am (i 6) ' 1 +A2 am (a+K', k') tg2ain (u, k') 

- sin2 am (u, Y) -- - sin2am (u, k') - 
cosZ am (u, k') + AZ ani (a+Kf, k') sin2am (u,  k') 1 -k'k'sin2am ( a + d ,  k') $ d a m  (u, k') 

k'klsinam(a+K', Tc'). cosam(a+KV, k3 . A a m  (a+K', k') . sin2am(u, k') . d u  

1 - k' kt sin2 am (a +KI, k') sin2 am (u, k') 
O 

sive : 

I I ( i u ,  i a+K)  = Xi(u, a+K', k'), 

quocl denionstranduni erat. 

E formulis 9), 1 O) 5. 57 simili modo atcjue i) coniprobare possumus formulani se- 

quelitem, c p e  docet, fuiictiones binas Argumenti imagiiiarii Parametri, qnarum Motluli 

alter alterius Coniplementuni , ad se invicem revocari posse : 

x a u  - 
2 KK' + u z  (a+K1, k') + a Z ( u + K ,  k) .  

Fit eniiii : 
@ (ia+K-II) 

i i I ( u ,  i a+K)  = i u Z ( i a + K )  + 'log.-- 
2 @ ( i a + K + u )  

O fiu+K1-a, k') 
i l I r a .  iu+K1, k') = iaZ(iu+K', k') + 1- log.  

2 @(iu+K'+a,'kp) ' 
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Iam fit: 

.~r (a-i u)l 

Q(ia+K+u) Qfi(a-iu) + K I  = d e  4 K h '  @(a-iu+K',ka) 
Q (0) @(O). = O (O, k 7  ' 

unde cum sit O (u + 1 0  = O (K - u j  : 

- 
@(ia+K-u) -- = e 

KK' O(iu+K'+a, k') 
O(ia+K+u) @ (iu+K1-a, k') ' 

ideoque : 

i Q (i a+K-II) 1 O(iu+Kr-a, k') x a  II 
-log . ---- + -108 . -- ---  
2 O(ia+Kf u) t O(iu+KP+as k') 9 ~ I i '  ' 

Porro fit: 

nau 
iaZ(iu+Ke, k') = - + a Z ( u + K ,  k). 

OKK' 

unde : 
mau 

i n ( u ,  i3+I() + i n ( a ,  iu+K1, k') = - P K K' 
+ uZ(a+K', ka) + a Z ( u + K ,  k); 

Patet e formulis : 

1 
sinam(K+iu) = -Acoam(u, k') 

k 

1 
sin am (u+ iK') = - . 

k 
1 

sin am u ' 

Argumentum u ,  quod, dum sin am u a O usque ad i crescit, a O a t l  IC transit, uhi 
1 sin a m  u a 1 iisque ad - crescere pergat , i m a g i n a r i u m  induere valorem forniae 
k 

1 IC +- i v ,  ita ut simul v a O usque scl 1<' crescat; cleincle crescente sin am u a - 
k , 

Y 
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ad n (u, i a t I C ) ,  sive classeni quartani, in qua n est positivuni ad secundani, in qua 

n est negativum inter - kk et - 1. Unde inm nacti sumus theorema, propositum 

qunewnque sit n quantitas realis positiva seu negativn, semper recluci posse ad integrale 

mile, in quo n neptivurn est inter O et - 1. Quod est egregiuk inventun, CP Legendre. 

si- 

Iani vero consideremus casum generaleni, quo et Aniplitudo et Paranieter formani 

halent iniagiiiariam quamlibet: constat, euni casuni amplecti expressionem 

i I ( u + i v ,  a + i b ) ,  

&signantibus a, v ,  a ,  b quantitates reales. At e formulis si 55 videnius, eiiisniotli ex- 

pressionem reiluci ad quatuor hasce : 

1) X(u, a), 2) i I ( i v ,  i b ) ,  5) n ( u ,  i b ) ,  4) V)(iv, a ) ,  

vel, si placet, ad quatuor liasce: 

1) lT(u. a-K) ,  2) ï i ( i v .  ib+K) 

5) n ( u ,  ib+K), 4) ï i f i v ,  a-K). 

Generaliter enim expressio ï ï  (u + v , a + 1)) iii expressiones iï (u , a) ,  iï (v , 1)) , ï ï  (u , II), 
n (v, a) redit, e quibus quatuor propositae prodeunt, siquideni loco v ponis i v, loco a ,  h 
vero a - IC. et K + i b. Porro e formulis 1) , O) si 59 fit : 

iT( iv ,  ib+K) = n ( v ,  b+K', k') 

n ( i v ,  a-K) = - iT(v ,  ia+K1, k'), 

unde expressiones i ) ,  2) classem priniain redcunt ï ï  (u,  a), expressiones s), 4) in clas- 

Sem secunclam I l (u,  i 8 -+ K) ; ici  quod iiolis suppeditat 
. . 

T H E O R E M A .  

Integrale proposilum forme 

quodcunque sit n et @, sive reale sive imaginarium, reaocari potest ad in- 

t epa l ia  similia, inquibz~s et @ reale et n iea lc  negativum inter 0 e t  - 1. 
T 2 
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E hoc theorema debetur Cl0 Legemlre, nisi quod ille reales tautum Anipli~udines 

couterilplatus sit. 

Formulis 4), 5) 9. 56 reducitur n (u+v,  a+L) + n ( u - v ,  a-b) ocl n ( u ,  a) 

tet, posito 
H ( u + i ,  a+ ib )  + n ( u - i v ,  a-ib) = L 

l l ( u + i v ,  a+ib)  - n ( u - i v ,  a-ib) 
= M .  

i 

pendere L a functionibns n (u, a-10, n (iv,  i b+K), M a functionibus ï ï  (u , iL+I<), 

n (iv, a -10 ,  ideoq ue redire L in classem primam , M in classeni secundam. 

Haec sunt fundamenta theoriae tertiae speciei Integraliuni El l ip t icom,  e princi- 

piis novis deducta. Alia infra videbuntur. 

F U N C T I O N E S  E L L I P T I C A E  S U N T  F U N C T I O N E S  F R A C T A E .  

D E  F U N C T I O N I B U S  EI, O ,  Q U A E  N U M E R A T O R I S  E T  DENOMINATORIS  

LOCUM T E N E N T .  

Evolutiones 8. 35 exliilitae genuinani functionum Ellipticarum naturani declarant, 

videlicet esse eas functiones fractas, ut p a s  iam ex elenientis novimus, pro innumeris Ar- 

gunienti valoribus inter se diversis et evanescere et in  infinituni abire. Iam antecedentibws 
2Kx ad functionem delati surnus, quae fractionis , in cjuani evolvimus ipsunl sin am - = . X 

i 2 ~ s i o x ( 1 - ~ ~ \ o o s 2 x + ~ ~ ( 1 - ~ ~ + c o s ~ x + ~ ~ ( 1 - 2 q ~ c o s ~ i + ~ 1 ~ )  . . . 
f i -  (l-2qcos~x+qZ)(I-2q3~~~2x+qn)(1-2q~cos2x+q10) . , . . 

denoniinatorem conotituit, functionem dico 

Iani et nurneratorem particulari chûractere denotemus, atque ponanius : 
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erit : 

2Kx 1 H (G) 
sin an1 - = - . 

% f i  O(+) ' 

Reliquis advocatis evolutionibus 5.  5 traditis , inveiiinius : 

SKx unde posito - = u: 
7f 

Hinc fluunt formulae speciales : 

R 2) sequitur adhuc: 

Ceterilni fit : 

5) @(u+OK) = O(-n) = O(u) 

6) H(u+oK) = H(-u) = -H(uji H(u+4K) = Hb). 
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E formula 2) 5.  57 : 
n(K'-2 iu) 

@(u+iK1) = i e  
4 K  

J L s i n  am u ,  

seyuitur : 
n(K1-2iu) 

4 K  
7) O(u+iK') = i e  Il (4. 

Mutato in hac formula u in u+iIit, et ailvocata 1) S. 57: 

unde rursus mutato u in u + i Ii', e 7) : 

E formulis 7) - IO) derivari possunt generaliores : 

nuu . n ( ~ + 2 m i K ' ) ~  - 
4KK' 4KK'  

12) e H (u) = (- l)m e H(u+2miK1)  

x u u  ( n + ( 2 r n + l ) i ~ ' ) ~  

nuu n ( u + ( ~ r n + i ) i ~ ' ) ~  - 
4KK' 4KK'  

14) e @ (u) = H ( u + ( ~ m + l ) i ~ ' ) .  

E 12),  13) f i t :  

Forniulae 5), 6) demonstrant, functiones 8 (u) , H (u) niutato u in u -1- 4 K, 
fornialae 11) , 12), functiones 
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mutato u in LI + 4 i IL' immutatas niauere; unde illae cum functioiiilus Eilipticis alteram Pe- 

rioduni realeiii, hae alteram Perioduru imaginarian1 commuuem halent. 

E formula 6) 5.  6 6 : 

b u u  
@ (i u  , k) - 4KK' 0 (u , k'j - e cor am (u , k)  
@(O, k) 0 (O, kt) ' 

secjuitur : 

nnu 

- { H(u+Kf,kP) O(iu, k) - 
16) O (0,  k) O (O, kt) 

E 16) sequitar, niutato u iu i u ,  et conimutalis k et k': 

H ( i u + K , k )  ={r @ ( u , k e )  
0 (O, k) 

- e  
kt ' @(O. kt) ' 

cui adiuiigatur 9) 9. 67: 
S U U  

O ( i u + K ,  k) - O(u+K', k') 
19) -- - -- 

@(O, k) 0 ( O , k P )  

E formula supra inventa: 

secjuitur : 
O'u @'Y - Hau H 2 r  

20) @ ( u + v ) O ( u - v )  = -. 
0 2 0  

Oua ducta forniula iu 

proclii : 
H'u 0 2 v  - O z u  H2v 21) H(u+v)H(u-v)  = 

@?(O) 
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DE E V O L U T I O N E  F U N C T I O N U J I  H ,  6 I N  SERIES. E ~ O L U T I ~  
T E R T I A  FUNCTIONUDI E L L I P T I C A R U M .  

Evolvamus functiones 

Deterniinationeni ipsaruni A ,  A', A *  A"', . . ; B', Bff,  Bfff2 B"", . . naiieisciniur o p  
' -nK' - 

2 K x  K 
aeqiiationum 7) - 1 O )  si antecedentis , quae posito a = - rr > Y = e  in seqiieii- 
tes abeunt: 

Quaiil in finen1 evoluiioiies propositas ita exhibenius: 
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- r y F  - i X -  Ke-3 ix + B"" , e - s i x  , B'"" - e - i i x  
9% 9' 9' 9' 

Quibus cum expressionibus propositis comparatis , eruimus : 

A' = A q ,  . A W  = A'qt, A"' = ARqS, A''# = AR' q' , . . . . 
B" = Bfq' , B" = H" q4, BR" = B"'qe, Bu'" = w W q # ,  .. . ., 

ideoyue 
A' = A q ,  A"= Aq*. A"'= Aq9,  A"" = Ap", .. . . 
B" = B'qa, B"' = ~ ' ~ 6 ,  B"" = BIq", B""' = B'qZ~,  . . , , 

uide evolutiones quaesitae fiunt : 

Evolutiones inventas alterani e x  altera dcrivare ];cuisset ope formulae: 
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Inventa enim varie: 

sive : 

Qua insuper Analpi eruimus : 
B ' = A .  

Deterrninatio ipsius A artificia particularia poscit. Ponamus, cpod ex aiitece- 

dentibus licet : 

fit: 

Expressio secunila inirnutata manet, u l i  ducitiir in primam, et post factum productuni p- 
nitur q2 IOCO y. Hiiic obtinemus aeyuationeni identicam: 

P(q2)P(q1] f s i n ~ - q ~ ~ i n Q x + p ' ~ s i n 5 ~ - p ' * s i n 7 ~ + .  . .) X 

f l -  2qacos2x+ 2 q 8 c o s 4 ~ - 2 q 3 2 ~ ~ ~ 6 ~  + . . .]  = 

P(q){s inx-qZsin3x+qesin5x-q"sin7x +. . .:. 
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Aequationem identicam, quam antececlentibus comprobaium ivimus : 

alia adhuc via, a praecedente omnino diversa, investigare placet. Quani in finen1 

tatuquam lemmata antemittanius formulas duas seyuentes : 

Ad demonstrationem prioris observo , espressiouem 

(1+qz) ( l+q 'z ) ( l+q 'z ) (1+q7~)  . . 
posito loco z et multiplicatione facta per \ i +y  r ), irnmoistat$ maiiere ; unde posito : 

? 
( l+qz ) ( l+q3z ) (1+q6z) .  . . = l + A . z +  A"z2 + A " ' I ~ + .  .. 

ideoclue, facta evolutione : 

A' = q  + qPA', A" = q3A' + q4A", A"' = q5A" + q"A"', . . .., 
sive : 

4 q3 A' q' A" A' = - , A"=- A"' = - 
1-qZ 1-q* ' 1-qe ) 

IRIS - LILLIAD - Université Lille 1 



Ipsam iam instituamus multiplicationeni, ita ut ul~ique loco 2 siu . n i x  cos . n x scri- 

batur sin (m + n) x + sin (ni - n) x : facile patet , Coëfficientem ipsius sin s in pro- 

ducto evoluto fore: 

1+s2+q"+s"+s 'O+. . . .  

ita ut prodeat : 

X At iuveninius e secunda forrnulnruni propositaruni , posito x - - -. 
2 .  

sive : 

Hinc e methodo ia& saepius.adhibitri *) scquitur: 

Hinc tandem provenit : 

sive e x  iis, quas 5. 36 dédinius, evolutioiii1)us: 

Quantitateni JIam , quam hactenus indeterniiiiatnin reliquimus , 0 ( O )  pana- 

mus iani : 
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sicuti propositum est. 

Ad denioustrationeni formulac 2) olservo , expressioueni 

1 
posito q z loco z et multiplicatione facia per - 

1-qz ' ininlutatani manere ; unde posito : 

1 AIqz A'' q2 z2 A"' q9 =3 +- + + 
l - q z  (l-qz) (l-q") ( l -qZ)( l -q2~) (1 -q3z)  ( leqz)  (L-qlz)-(l-q3z) (l-qkz) + . *  

(q+AP9)z + ( 9 3  A' + qZ A") zz (qb A" + q3 A"') z3 
= l +  l - q z  + . , . *). 

(1-qz)(l-q2z) + (L-qz)(l-qlz)(l-q3z) 

Hinc fluit: 

A' = q +  A'q, A" = qZA' + 
ideoque : 

qZ A"* A"' = q s  A" + q3A1", , . . , 

1 1 - 
- l + - + ,  -- Substituendo scilicet in singulis terminis resp. - - q= 

1 -qz  1 q z  1-q'z l+1-<11"~ 
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formenius productum : 

9 '4. 
+W..+-- (1 - q7) (1 - qq . 2' + 9' 

(1 - q2j (1 - q*) (1 - qfi) . Z 3 + . . . \ X  I 

1 Coëfficienteni ipsius z" sive etianl F, queni pouemus B'"', eruinius sequeiiteni : B"') - A 

ideoque : 

sive posito z = e2 j X  , et mutato y in  - y :  

Quod demonstraiidunl erat. 
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sive posito z = eiX: 

yuae est altera evolutio inveiita. 

65. 
Evolutiones functionum 

1) a(?) = 1 - 2 q c o s 2 1  + l q ~ c o a l x  - 2qQcos6x + Oq16co.8i - . . . 
2) H(%-) =2=s inx  - B ~ ~ & I s x  + f 4 f i s i n 5 x  - 2 ; T F s i n , i  + . . . 

spoute ad evolutioneni novani functionurn Ellipticaruni clucunt. Etenim e forniulis 1) 5.  61, 

sin am - = - . 
JF-  .(+, 
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2 K x  1 24[~sinr-9>~sin~x+2'~siii5n-2'fisin7x+ ... 
5) sin am- = - . 

x $k i - 4q cos2x + 2q* cos4x - S q ~ c o s 6 x  + 4qlB cos8x - . . . 
ïT 2 G c o s x  + 2ficor~x+4"$s";cos5a+2;/t"cosïx +. .. 

4) cos am - = 
. 7~ i - zq C O S ~ X  + gq4 c o s 4 ~  - zqqcosôx + 2qah COSEX - . . . 

Porro e 2 ) ,  

- 
O., = (F, 

3) 5. 61 , cnm positiim sit 0 (O) = , ohtinenius : 

unde etiam : 

O' (u) 1 O(u-a) , Fit porro , cum s i t  Z (u) = - 
O (II) > n(u, a) = uZ(a) + T I o g  @&+a) ' 

d H  2K dH 
*) Etenim cum sit - = - . -. differentiata 2) secundum r et posito deinde x = O ,  podit 

d x n d u  
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Quae est evolutio tertia functionurn Ellipticaruiii. 

Ex evolutionSiis inventis : 

quaruni postrernam , posito J;; loeo y ,  ita quoque exhiLere Iioei : 

4) f(1-q)(l-qZ)(i-q3) . ..) rinx(1 -2qcasZx+qZ)(l-tqZcos2r +q3(1  -4q'cosSx+q*) . . . 
- - 

sinx - q sinSx + q 3  sin51 - qRdn7x + q10 sin9x - qlr rinl lx  + . . . . 
sequitur, posito x = O ,  x s= 7: 

n 
Ponamus in 2) x = g, fit sin x = 4 ,  s i o 3 x = 0 ,  s i n d x = -  siii 7 x 

= + {:, cet.; porro ( I - < ~ ) ( L - ~ ~ c o ~ ~ x + ~ ~ ) = ~ - Y ~ ,  uiide 2) in haiic a l i t  

formdam : 

(l-q3(l-qa)(l-qg)(1-q'1) .. . = 1 - q ' - q 6 + q " + q n ' - q P 6 - .  - *  

sive : 

6) ( l -q)( l -q*)( l -q')( l -q~ .. . = 1 - q - q z +  qs+q'-ql ' - .  ., 
A a 
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cwius seriei icrniiuus generalis est: 

Coniparatis inter se 5), 6) olhienlus : 

Formularn 4) etiam Cl. Gauss invenit in  Commentatioiie : Sumrnntio Serierun 

yunrundnna si,guZnrium. Conini. Gott. Vol. 1. a. 1808- 1811. Quaiu ille deiluxit e se- 

queilte formula memorabili : 

psitu z = q.  Cui addi possunt formulaa similes, quarom denionstrationem hoc loeo 

omitto : 

q* (1 - z') q* (1 - z') (1 - q" z') - q'e (1 - zZ) (Lq2 z2) (1 - qa zl) 
Y - 1-$ + ( 1 - ~ ~ ~ 1 ( 1 - q ~ )  11- q2)(1-q4) (1 -93 +- . ., 

sive : 

yuae est formula ô). 

Fornida 6), quae profundissimae indaginis est, ut quae a trisectione fiiidonuni 

Ellipticaruoi pendet, iam e longo tenipore a Cl. E u l e r  inventa est et luculeliter denion- 

strnta. De qua iiuigni detnonstratione alibi nolis fusius ageiiduin erit. 
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His addamus evoluiiones sey ueiltes : 

1 -- 4q2(1+q7 sin~ 4q6(1 +q*)sinx -- 4 ql2 (1 + qh) sin x 

sin x 1 - 8 q 2 c o s ~ x  +q* + i - ~ q * c o s t . +  q* 1 - ~ q ~ c o s + +  qaa + . -  

quae e nota theoria resolutioiiis fractionuni cornpositaruni in siniplices facile oLtiuelitur. 

Hinc deducuiitur evolu tioiies speciales : 

2 k K  f k ' K  
Quilus cuni evolutioiiilus expressioiiuni - , - supra exhiljitis corupdi'&, prodit : 

% i? 

Sindi modo Cl. Chusen uuper observavil *), serieiu 

*) Crelle Journal cet. Tom. III. pag. 95. 
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trüiisfortiiûri posse in haut : 

I 

2K 2 k K  Iiiveufmns supra evolutiones ipsorum - - 
? r '  ,t 

eorumcjue digiiitaium secundae, 

tertiae, quartae iu series. Quaé igitur evolutiones dignitatis secundae , quartiie, sex- 

tae , octavae expressionurn 

suppeiditaiit , wnde varia theoreniata Aritlmetica fluunt. Ita e.  k. e forniuia : 

u l i  p nuinerus impar quililet, @ (1)) snnjma factoruni ipsius p ,  fluit tnniquaiii Corol- 

larium theoreina incly iurn Ferniiitianum , numeritni unumyueniqiie esse suainiam qua- 

tuor ciuüdratorum. 
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C O R R I G E N D A .  

Lectorein benevoluin oratuin v o l o ,  ut ante lectionem corrigat , yuae irrepseruiit mciida graviora 

Pag. 3. lin. 11. leg. M lvco U, his. 

A 1-k= A 1 - 2  - 7. - 7. loco - leg. - 
B ' ( l + m x ) '  C ' ( l + n i r j 2 '  

- S. loco kz leg. a". 

- 8. - 6. loco leg. Sr. a, bis. 
- 9. U et V ubique inter se cornmutari debent. 

- 10. - 2. 4. 6. loco -fi leg. + [L. 
- 17. - 8. loco a" y. b" y leg. a" y', b" f. 

b'n-11 bI"-ll - 13. IOCO - leg. . 
k . . - C  

u@v+v3)  u (2 v + 11') - 83. - 17, loco 
v ' Y 'l 

, 25. - 17. loco (l+2cr)' leg. (14- 2 oc)'. 
- 89. - 5. loco + v4 leg. - v4. 

- 7. loco : v Zoco u, leg. : u loco v. 
- 18. loco (1-1157 leg. (1-4u2v3. 

u(u+v")y + .. I I ( u + Y ~ ) ~  - . 
lin. postr. loco : 

u2(1+u3v) + . . u2(l+u'v) - . . 

, 35. - 10. 11. loco k leg. Ir'. 
lin. postr. loco prtjfecti leg. perfecti. 

n-1 - 99. - 16. loco M leg. (- 1) "M. 
47. - 10. loco f . . . )" leg. 1. . .P. 

cos am (u) cos a. u + - .=os am u + - . . cos am u + -- . ( ) ( "Y ( ""-" n "1 

4 (0-1) K 
F,, . A a m ( u ) h a m  u + -  A a m  u + -  . . L a m  u+- ( n K  ( 83 ( n ) 
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pag. 6û. lin. 19. loco $- leg. $1 - h2y2 . 
- 63. - 6. loco s i n 5 n i  u leg. yy. 

- 12. Ioco carum leg. earumque. 
2m'iK' Sm'iK' 

- 64. - 81. loco - leg. - 
n n M  ' 

- 67. - 17. loco -192 A* leg. + 192A4. 
1 A*= . . 1 xP2 . . 

- 76. - 4. loco - . - kg. - . - . 
n ka.. n kt= . . 
1+Aa 1+Aa ' - 79. - IO. IOCO (-) A-A3 leg. (-,) . 

A-A' 

- 12. Ioco k4 k'veg. 4 k' k'" loco k"(1- kP)'Jleg. 4 k ' a  (1 - B:,?. 
- 1 4  loco k5 (1-k'ja leg. kS(1+L')2. 

- 88. - il. loco - q5 leg. - t q 5 .  

- 94. - il. loco k(6)' leg. klR)'. 
- 98. lin. penult. loco opposuiSse leg. apposrukse. 

8 q 8s ' - 104. - 4. loco - - lep. - - . 
(1 + s3 (1 + 

- 107. - 8. loco formula leg. unde formula. 

- 1 ,  - 1. Ioco (y kg. (y. 
- 111. lin. ult. loco quem leg. quam. 

9K SE' 
- 114. - 19. IOCO - - 2 K  2 ~ '  

leg. - 8 - . - .  
?r % z 7C - 117. - 8. loco 3319 leg. 92.29. 

- 15. loco + 32 k1 leg. + 45 k2. 
- 20. loco TI(2n-2) Ieg. II(2n-1). 

d2 sin am u d2 sinnam u 
lin. ult. loco leg. - 

d u2 d u" - 118. - 8. loco - 2 le& - 2 kZ. 
- IO. loco - 82 (1 + k3 leg. - 32 L'(If k2). 

2K 2K 2K 2 ~ '  2 K  2 ~ '  - 120. - 17. loco - -. -) 1%. (n - -). 
% ?r X 

- 124. - 7. loco sin am (u -v) - leg. sin am (u fv) -. 
lin. antep. Taylorima leg. Tayloriano. 

- 125. - 10. low - 2 leg. -. 
- 128. lin. penult. loco 2 . 4 . 6 . 7  kg. 8.4.6.8. - 131. - 1, 2, 3 Ioco (-1)n2n-i, (-1)11411-' 9 (-1)n6'1-1 leg. ( - I ) ~ I - ~ Z Z I I - I ,  (-ljn-,4 2,,-1, 

(-l)n-16zn-l. 
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pag. 154. lin. 14. loco tang. am u leg. i tang. am u. 
- 144. - 7. loco 1- ka sina am u . sina y leg. 1-ka sina am a . sina am u .  

- 15%. - 7. loco quihm, tranLs leg. quibu. transis. 
- 154. - 11. loco Z(u) -Z(u+a) leg. Z(u)+Z(a) -  Z(u+a) .  

- 158. - 10. in denoniinatore loco 1 -ka . . leg. l+ka  . . 
- 159. - 14. loco - l l ( u ,  u+b) leg. -TI(u, a+b) -  
- 160. - 15 : 2). 3) delendum. 
- 164. - 10. locof(1-q)(l-q3)(l-q')..jleg.((l-q)(l-q3)(1-qS) . . t a .  
- 169. - 10. loco i u Z leg. i a Z . 
- 171. - el. loco cZas~em leg. in clapscrn. 

- 172. - 1. loco E leg. Et. 
. - 6. laco ïi(u+ i, a + i b )  leg. n ( u + i v ,  a+i l>) .  

- 174. - 4. low sin am u leg. sin am u . O u . 
- 176. lin. eniep. loco Quam leg. Quem. 
- 178. - 1. loco varie leg. serie. 
- 18% - 8. loco Quarn 1%. Quem. 
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Ba u cb 9,  8. [.., Pebrbucb ber algebraifd~en Mnargfig, au$ boni ~rangbfif&cn fibrrfeQt von &. P. SR. 
$ual e r. gr. 8. 1828. 2 %tbLr. 

H e  r ba  r t  , G. F.,  de attentionis inensura causisque pri~iiariis. Psychologiae principia statica 
et mechanica exemplo ilibstratiirus. 4. 1822. 25 Sgr. oder !?O gGr. 
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TRANSFORMATIONES REALES FUNCTIONUM ELLIPTICARUM EARUMQUE COMPLEMENTARIAE ET SUPPLEMENTARIAE. (g. 25.) ' 

A. T R A N S F O R M A T I O  P R I M A  CUM S C P P L E M E N T A R I A .  B. T R A N S F O R M A T I O  S E C U N D A  cuni SUPPLERIENTARIA.  

2 1c 4 K 
a )  A = kn sin+ coam - sin' coam - . . . . sin4 coam 

n n 

2 iK' 4 iK '  n- 
a) i = kn sin* coam - sin4 coam - . . . . sin* coam (2) i K' 

n 
{M. k) 

{M. k }  

(M. A,) 

[M. r ) 

2iA' 4iA' 
a )  k = An sin* coam -En' coam - . . . . sin' coam (e) i A' 

n n n 

{M. A,) 
2 A, 

aa )  k = A," sinn coam - sin* coam 
n n 

2 K' 4K' . 
n n 

sin2 coam - sin2 coam - . . . . 
b) M, = 

2 K' 4 K' 

n 
sinZ am - sina am - . . . . 

n 

2K 4 K  
sin2 coam -I sin2 c o a m  . . . . sinZ coam 

n 
b) M = 

n 

2K 4 K  n-1 
sin2 am - sin2 am - . . . . sin2 am K 

n n 

1 
sin2 coam - 

bb) - = 
n M  2 A' 

sin2 am - sin1 am - 
n 

2 A  4 11 
sin2 coam -'- sin2 coam -' . . . . sin2 coani 

1 n n 

i n ( u  k ;  s i n a m ( s , h ) = y ;  s i n m  ( n u , k  ) = q  = x ;  s i n a m ( 5 ,  A,) = y ;  sioam 
M, 

( 4 3  ( 8:) ( cl y = {E sin am u sin am u + - s inam ' II+ - ... sinam u+- 
A, n 

u 
cc) z = ( - 1 ) ? { T  sinam-sinam 

4A 
k+oI)sin(s+:)... sinam 

Ml 

T R A N S F O R M A T I O N E S  C O M P L E M E N T A R I A E .  T R A N S F O R M A T I O N E S  C O M P L E M E N T A R I A E .  

2 K' 4 K' 
a )  A: = YIi sin* coam - sin4 coam - . .. . . sin* corm 

n n 

2 i A ,  4 i A  
a )  k' = A? sin* coam - sin* coam -' . . . . sin4 coam - 

n n ( " n 1 ) i A ,  

2i K 4 i K  
a) A' = ktn sin* coam - sin+ coam - . . . . sin4 coani - 

n n ( " i l )  i K 

2 A' 4 A' 
aa) k1 = A'" sin4 coam - sin4 coam - . . . . sin* coam (y) x 

n n 
( M .  A? 

b) et 66) eaedem atque supra. 

sin am (u, ~9 = x ; sin am - (iIs~:)= J i  S ~ P D  

6) et bb) eaeiiem atque supra. 

4(n-1) 
C)  y = (- 1) a 7 sin am u sin am (" + F) sin a m  (. + G) . . . . sin am (U + - n K') 1- 'M. k*\ J 

X X X I  

x x 2 K ) ( ' +  n).s..(lt 
tg2 am - tg2 ani - 

n - C M .  k 1 
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